
Ëåêöèÿ 4

Òåîðèÿ âîçìóùåíèé è äèàãðàììíàÿ òåõíèêà.

Ïóñòü ó íàñ åñòü òåîðèÿ ïîëÿ ñ îäíèì ñêàëÿðíûì áîçîíîì φ è ñ äåéñòâèåì

S[φ] = S0[φ] +
∫

ddx

(
K∑

k=1

gk

k!
φk

)
, S0[φ] =

1
2
intddx φKφ. (1)

Îïåðàòîðó K îòâå÷àåò ïðîïàãàòîð G0(x, y), ÿâëÿþùèéñÿ ðåøåíèåì óðàâíåíèÿ

KxG0(x, y) = δ(x − y). (2)

Ïåðâûì äåëîì äàâàéòå íàó÷èìñÿ ñ÷èòàòü ïðîèçâîäÿùèé ôóíêöèîíàë êîððåëÿöèîííûõ ôóíêöèé,
òî åñòü ñòàòñóììó ñ íåîäíîðîäíûì âíåøíèì ïîëåì:

Z[J ] =
∫

Dφ e−S[φ]+
R

ddx J(x)φ(x). (3)

Ðàçëîæèì ýêñïîíåíòû, ñîäåðæàùèå J(x) è gk â ðÿäû:

Z[J ] =
∫

Dφe−S0[φ]

( ∞∑
m=0

1
m!

∫
dmdx

m∏
i=1

J(xi)φ(xi)

)
K∏

k=1

( ∞∑
nk=0

(−gk)nk

nk!(k!)nk

∫
dnkdx

nk∏
i=1

φk(xi)

)
.

Âûïèøåì îáùèé ÷ëåí ýòîãî ðàçëîæåíèÿ:

(−g1)n1 . . . (−gK)nk

m!n1! . . . nK !(2!)n2 . . . (K!)nK

∫
dmdx

K∏
k=1

dnkdy(k)
m∏

i=1

J(xi)
∫

Dφ e−S0[φ]
m∏

i=1

φ(xi)
K∏

k=1

nk∏
i=1

φk(y(k)
i ).

Â ñèëó òåîðåìû Âèêà ìû äîëæíû ïåðåáðàòü âñå ñïàðèâàíèÿ ìåæäó ïîëÿìè φ. Îáîçíà÷èì òî÷êè

xi, y
(k)
i òî÷êàìè, à ñïàðèâàíèÿ � ëèíèÿìè, ñîåäèíÿþùèìè ýòè òî÷êè. Ïðè ýòîì èç êàæäîé òî÷êè

xi âûõîäèò ïî îäíîé ëèíèè, à èç êàæäîé òî÷êè y
(k)
i âûõîäèò ïî k ëèíèé. Äàëåå, ýòè ëèíèè íóæíî

ñîåäèíèòü âñåìè âîçìîæíûìè ñïîñîáàìè. Ïîñêîëüêó â êàæäîé òî÷êå y
(k)
i ñèäèò k ïîëåé, ëèíèè ê

íèì ìîæíî ïîäñîåäèíèòü k! ñïîñîáàìè. Ýòî ñîêðàùàåò ìíîæèòåëè (k!)nk â çíàìåíàòåëå. Êðîìå òîãî,

òî÷êè y
(k)
1 , . . . , y

(k)
nk ìîæíî ïåðåñòàâëÿòü nk! ñïîñîáàìè, ÷òî ñîêðàùàåò ìíîæèòåëè nk! â çíàìåíàòåëå.

Íàêîíåö, åñëè ãðàô îáëàäàåò ñèììåòðèåé, òî íåêîòîðûå èç ïåðåñòàíîâîé íå ïðèâîäÿò ê íîâûì
ñïàðèâàíèÿì. Ïîýòîìó ìû äîëæíû ïîäåëèòü âñå âûðàæåíèå íà ÷èñëî ýëåìåíòîâ ñèììåòðèè ãðàôà.

Èòàê, äëÿ âû÷èñëåíèÿ âêëàäà ãðàôà â ïðîèçâîäÿùèé ôóíêöèîíàë, íàäî ïðîèçâåñòè ñëåäóþùèå
îïåðàöèè:

1. Ñîïîñòàâèòü êàæäîé âåðøèíå, â êîòîðóþ âõîäèò k ëèíèé, ìíîæèòåëü (−gk).
2. Ñîïîñòàâèòü êàæäîé ëèíèè ïðîïàãàòîð G0(zi, zj), ãäå zi òî÷êè, îòâå÷àþùèå âåðøèíàì.

3. Ïðîèíòåãðèðîâàòü ïî âñåì ïåðåìåííûì, îòâå÷àþùèì âåðøèíàì (y
(k)
i ).

4. Ïîäåëèòü îòâåò íà ÷èñëî ñèììåòðèé ãðàôà.
5. Ñîïîñòàâèòü êàæäîé âíåøíåé ëèíèè ìíîæèòåëü J(xi).
6. Ïðîèíòåãðèðîâàòü ïî âñåì ïåðåìåííûì, îòâå÷àþùèì âíåøíèì ëèíèÿì (xi).
7. Ïîäåëèòü îòâåò íà m!.
×òîáû âû÷èñëèòü âêëàä â m-òî÷å÷íóþ êîððåëÿöèîííóþ ôóíêöèþ, íàäî ïðîâàðüèðîâàòü îòâåò

m ðàç ïî J , çàòåì ïîëîæèòü J = 0 è ïîäåëèòü íà Z[0]. Âàðüèðîâàíèå ïî J âûäåëèò ãðàôû ñ m
âíåøíèìè ëèíèÿìè è ñîêðàòèò m! â çíàìåíàòåëå. Âåëè÷èíà Z[0] ñîñòîèò èç âñåõ äèàãðàìì áåç âíåø-
íèõ ëèíèé, ïîýòîìó äåëåíèå íà Z[0] ñîêðàòèò âêëàäû âñåõ îòäåëüíûõ, íå ñâÿçàííûõ ñ îñòàëüíûìè
÷àñòÿìè, ïîääèàãðàìì áåç âíåøíèõ ëèíèé.

Ïîýòîìó ïðàâèëî äëÿ âû÷èñëåíèÿ êîððåëÿöèîííûõ ôóíêöèé ãëàñèò:
à) Áðàòü òîëüêî äèàãðàììû, íà ñîäåðæàùèå ïîääèàãðàìì, íå ñâÿçàííûõ ñ âíåøíèìè ëèíèÿìè.
á) Îïóñòèòü øàãè 5�7.
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Ïðèâåäåì äâà ïðèìåðà èç òåîðèè ñî âçàèìîäåéñòâèåì φ4. Äëÿ äâóõòî÷êè èìååì
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1
2

........................
...........
.........
........
........
........
.........
...........

.......................
.................................................................................................................• •x1 x2

+
1
4

........................
...........
.........
........
........
........
.........
...........

......................
..................................................................................................................

........................
...........
.........
........
........
........
.........
...........

.......................
.................................................................................................................

• •x1 x2 +
1
4

........................
...........
.........
........
........
........
.........
...........

......................
.................................................................................................................. ........................

...........
.........
........
........
........
.........
...........

......................
..................................................................................................................• •x1 x2 +

1
6

................................................................................
...........
.........
........
........
........
.........
...........

................................................................................• •x1 x2

+ · · ·

Äëÿ ÷åòûðåõòî÷êè èìååì

⟨φ(x1) . . . φ(x4)⟩ =

•
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x1 x2
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+

•
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+ (åùå 5 äèàãðàìì)
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x1 x2

x3x4

+ (åùå 2 äèàãðàììû)

+ (åùå 4 ñâÿçíûõ äèàãðàììû ñ îäíîé ïåòëåé)

+ (åùå 15 äèàãðàìì ñ 2 ïåòëÿìè)+ · · · .

Òåïåðü ïåðåôîðìóëèðóåì ïðàâèëà âû÷èñëåíèÿ äèàãðàìì â èìïóëüñíîì ïðîñòðàíñòâå:
1. Íàðèñîâàòü íà êàæäîé ëèíèè ñòðåëêó â ïðîèçâîëüíîì íàïðàâëåíèè è íàïèñàòü ó êàæäîé

ëèíèè èìïóëüñ p(l) è ñîïîñòàâèòü êàæäîé ëèíèè ïðîïàãàòîð G0(p(l)).
2. Ñîïîñòàâèòü êàæäîé âåðøèíå, â êîòîðóþ âõîäèò k ëèíèé ìíîæèòåëü (−gk)δ (Pâòåê − Pâûòåê),

ãäå Pâòåê è Pâûòåê � ñóììû âñåõ èìïóëüñîâ, âòåêàþùèõ â âåðøèíó è âûòåêàþùèõ èç íåå ñîîòâåò-
ñòâåííî.

3. Ïðîèíòåãðèðîâàòü ïî âñåì èìïóëüñàì p(l)).
4. Ïîäåëèòü îòâåò íà ÷èñëî ñèììåòðèé ãðàôà (ñòðåëêè èãíîðèðîâàòü).
5. Îòîæäåñòâèòü íà êàæäîé âíåøíåé ëèíèè èìïóëüñ p(l) ñ ñîîòâåòñòâóþùèì pi, åñëè îí âûòåêàåò

èç äèàãðàììû, è ñ −pi, åñëè âûòåêàåò. Îòâåò äàñò íàì φp1 . . . φpm .
Ïðÿìîå âû÷èñëåíèå êîððåëÿöèîííûõ ôóíêöèé � íå âñåãäà òî, ÷òî íàì íóæíî. Âàæíóþ ðîëü

èãðàþò òàê íàçûâàåìûå âåðøèííûå ÷àñòè, êîòîðûå ïîçâîëÿþò áîëåå ýôôåêòèâíî ñóììèðîâàòü
çíà÷èòåëüíûå êóñêè êîððåëÿöèîííûõ ôóíêöèé. Çàïèøåì ïðîèçâîäÿùèé ôóíêöèîíàë â âèäå

Z[J ] = e−F [J], (4)
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ãäå F [J ] â òåîðèè ïîëÿ íàçûâàþò ñâîáîäíîé ýíåðãèåé, ïî àíàëîãèè ñî ñòàòôèçèêîé. Íå áóäåì ïóòàòü
ýòó ñâîáîäíóþ ýíåðãèþ ñ ôóíêöèîíàëîì F [φ], îïðåäåëåííûì â ïðåäûäóùèõ ëåêöèÿõ. Ñâîáîäíàÿ
ýíåðãèÿ ïîçâîëÿåò îïðåäåëèòü òàê íàçûâàåìîå êëàññè÷åñêîå ïîëå

φ̃(x) = −δF [J ]
δJ(x)

= ⟨φ(x)⟩J (5)

Â ïîëåâîì îïèñàíèè ìîäåëè Èçèíãà êëàññè÷åñêîå ïîëå è åñòü, ñîáñòâåííî, ñðåäíåå çíà÷åíèå ïàðà-
ìåòðà ïîðÿäêà â íåîäíîðîäíîì âíåøíåì ïîëå. Óðàâíåíèå (5) ïîçâîëÿåò íàéòè ïîëå èñòî÷íèêà J(x)
êàê ôóíêöèîíàë êëàññè÷åñêîãî ïîëÿ φ̃(x). Â ïîëíîé àíàëîãèè ñ òåðìîäèíàìè÷åñêèì ïîòåíöèàëîì
ââåäåì ýôôåêòèâíîå äåéñòâèå

Γ[φ̃] = F [J ] +
∫

ddxJ(x)φ̃(x) (6)

ñ åñòåñòâåííûì ñëåäñòâèåì
δΓ[φ]
δφ(x)

∣∣∣∣
φ=⟨φ⟩J

= J(x). (7)

Ðàçëîæèì ôóíêöèîíàë Γ[φ] â ðÿä ïî φ:

Γ[φ] =
∞∑

n=0

1
n!

∫
ddnxΓn(x1, . . . , xn)φ(x1) . . . φ(xn). (8)

Ôóíêöèè Γn íàçûâàþò âåðøèííûìè ÷àñòÿìè. Î÷åâèäíî, Γ0 íå èìååò çíà÷åíèÿ, à Γ1(x) = −J(x),
ãäå J(x) ñîîòâåòñòâóåò íóëåâîìó ïîëþ. ×òî êàñàåòñÿ Γ2, òî

Γ2(x1, x2) =
δ2Γ[φ]

δφ(x1) δφ(x2)

∣∣∣∣
φ=0

= − δJ(x1)
δφ̃(x2)

∣∣∣∣
φ=0

= −
[
δφ̃(x2)
δJ(x1)

]−1

J=0

= −
[

δ2F [J ]
δJ(x1) δJ(x2)

]−1

J=0

= −[⟨φ(x1)φ(x2)⟩ − ⟨φ(x1)⟩⟨φ(x2)⟩]−1 = −[⟨⟨φ(x1)φ(x2)⟩⟩]−1

= −G−1(x1, x2), (9)

Çäåñü G(x1, x2) ≡ ⟨⟨φ(x1)φ(x2)⟩⟩ � òî÷íûé ïðîïàãàòîð (â îòëè÷èå îò çàòðàâî÷íîãî ïðîïàãàòîðà G0),
à ìèíóñ ïåðâàÿ ñòåïåíü ïîíèìàåòñÿ â îïåðàòîðíîì ñìûñëå. Òåïåðü ðàññìîòðèì äèàãðàììíóþ òåõ-
íèêó äëÿ Γ2. Ïóñòü

Γ2(x1, x2) = −G−1
0 (x1, x2) − Σ(x1, x2) = −G−1

0 (x1, x2) + .............
............. ............. ............

.
........
.....
.........
....

..........................
.............x1 x2−Σ

(G0 � íåâîçìóùåííûé ïðîïàãàòîð, −Σ � ìàññîâûé îïåðàòîð). Òîãäà (â îïåðàòîðíîì âèäå)

G = G0 + G0(−Σ)G0 + G0(−Σ)G0(−Σ)G0 + · · ·

= • • + • •.............
............. ............. ............

.
........
.....
.........
....

..........................
............. −Σ + • •.............

............. ............. ............
.
........
.....
.........
....

..........................
.............

.............
............. ............. ............

.
........
.....
.........
....

..........................
.............−Σ −Σ + · · · . (10)

Î÷åâèäíî, ÷òî −Σ äàåòñÿ âñåìè îäíî÷àñòè÷íî-íåïðèâîäèìûìè äèàãðàììàìè, ò. å. äèàãðàììàìè,
êîòîðûå îñòàþòñÿ ñâÿçíûìè ïîñëå ðàçðåçàíèÿ ëþáîé âíóòðåííåé ëèíèè. Êðîìå òîãî, âíåøíèì ëè-
íèÿì íå ñîïîñòàâëÿåòñÿ ïðîïàãàòîðîâ.
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Äëÿ Γ3 èìååì

Γ3(x1, x2, x3) =
δΓ2,J(x1, x2)

δφ̃(x3)

∣∣∣∣
J=0

= −
∫

dDy3
δ[⟨φ(x1)φ(x2)⟩J − φ̃(x1)φ̃(x2)]−1

δJ(y3)
δJ(y3)
δφ̃(x3)

∣∣∣∣
J=0

= −
∫

d3Dy Γ2,J(x1, y1)Γ2,J(x2, y2)Γ2,J(x3, y3)

×
(
⟨φ(y1)φ(y2)φ(y3)⟩J
− φ̃(y1)⟨φ(y2)φ(y3)⟩J − φ̃(y2)⟨φ(y1)φ(y3)⟩J − φ̃(y3)⟨φ(y1)φ(y2)⟩J

+ 3φ̃(y1)φ̃(y2)φ̃(y3)
)∣∣∣∣

J=0

=
∫

d3Dy G−1(x1, y1)G−1(x2, y2)G−1(x3, y3)G(y1, y2, y3).

Íåòðóäíî òàêæå íàéòè, ÷òî

Γ4(x1, . . . , x4) =
∫

d4Dy

4∏
i=1

G−1(xi, yi)
(

G(y1, . . . , y4)

−
∫

d2Dz
(
G(y1, y2, z1)G−1(z1, z2)G(z2, y3, y4) + (åùå 2 ñëàãàåìûõ)

))
,

Îáùåå ïðàâèëî ñîñòîèò â òîì, ÷òî Γn âû÷èñëÿþòñÿ êàê ñóììà îäíî÷àñòè÷íî-íåïðèâîäèìûõ äèà-

ãðàìì, òî åñòü äèàãðàìì, êîòîðûå íå ðàñïàäàþòñÿ íà íåñâÿçíûå ÷àñòè ïðè ðàçðåçàíèè ïî îäíîé
ëèíèè. Êðîìå òîãî, âíåøíèå ëèíèè äèàãðàìì äëÿ âåðøèííûõ ôóíêöèé ¾óêîðî÷åíû¿, òî åñòü èì
íå ñëåäóåò ñîïîñòàâëÿòü çàòðàâî÷íûå ïðîïàãàòîðû.

Çàäà÷è

1. Ïîñòðîèòü äèàãðàììíóþ òåõíèêó äëÿ òåîðèè êîìïëåêñíîãî ñêàëÿðíîãî ïîëÿ φ ñ äåéñòâèåì

S[φ] =
∫

ddx
(
|∂µφ| + m2|φ|2 +

g

4
|φ|4

)
.

2. Ïîñòðîèòü äèàãðàììíóþ òåõíèêó äëÿ òåîðèè n-êîìïîíåíòíîãî âåùåñòâåííîãî ñêàëÿðíîãî
ïîëÿ φ ñ äåéñòâèåì

S[φ] =
∫

ddx

(
1
2
∂µφ∂µφ +

m2

2
φ2 +

g

8
(φ2)2

)
.
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