
Ëåêöèÿ 11

Êâàíòîâûå ñïèíîâûå ñèñòåìû è O(3)-ìîäåëü

Â ýòîé ëåêöèè ìû îïèøåì â òåðìèíàõ òåîðèè ïîëÿ èçîòðîïíûå êâàíòîâûå ìàãíåòèêè, â îñîáåí-
íîñòè, îäíîìåðíûå êâàíòîâûå öåïî÷êè. Ìû óâèäèì, ÷òî â îäíîìåðíîì ñëó÷àå âîçíèêàþò íåêîòîðûå
îñîáåííîñòè, êîòîðûå ïðèâîäÿò ê òîìó, ÷òî ýòè ìîäåëè ðàñïàäàþòñÿ íà äâà îñíîâíûõ êëàññà óíè-
âåðñàëüíîñòè.

Íà÷íåì ñ îáùåãî îïèñàíèÿ ñïèíà ñ ïîìîùüþ ôóíêöèîíàëüíîãî èíòåãðàëà. Êàê èçâåñòíî, ôóíê-
öèîíàëüíûé èíòåãðàë âñåãäà ñòàðòóåò ñ êâàçèêëàññè÷åñêîé ñèñòåìû, òàê ÷òî êàæåòñÿ, ÷òî òàêîå
îïèñàíèå äëÿ ñïèíà íå î÷åíü ïîäõîäèò. Ñ êâàçèêëàññè÷åñêèì ïðåäåëîì ñïèíà S → ∞ íå ñâÿçàíà
íèêàêàÿ åñòåñòâåííàÿ äèíàìèêà, êîòîðàÿ ïðèâîäèëà áû ê êâàíòîâàíèþ ñïèíà. Ïîýòîìó íà÷íåì ñ
îáû÷íîãî îïåðàòîðíîãî ïîäõîäà. Âîñïîëüçóåìñÿ ïðåîáðàçîâàíèåì Øâèíãåðà�Âèãíåðà:

Sa =
1
2
b+σib, b =

(
b0

b1

)
, b+ =

(
b+
0 b+

1

)
, a = x, y, z, (1)

[bα, bβ ] = [b+
α , b+

β ] = 0, [bα, b+
β ] = δαβ . (2)

Îïåðàòîðû Si êîììóòèðóþò êàê îïåðàòîðû ñïèíà:

[Sa, Sb] = ϵabcSc. (3)

Òàêèì îáðàçîì ïðåîáðàçîâàíèå Øâèíãåðà�Âèãíåðà ïðåäñòàâëÿåò ñîáîé áîçîíèçàöèþ ñïèíîâûõ îïå-
ðàòîðîâ.

Âû÷èñëèì òåïåðü êâàäðàò ñïèíà. Ïîëüçóÿñü ñîîòíîøåíèåì

σa
αβσa

γδ = 2δαδδβγ − δαβδγδ, (4)

Íàéäåì

S2 =
1
4
(b+b)(b+b + 2). (5)

Îòñþäà ïîëó÷àåì

S(S + 1) =
Nb

2

(
Nb

2
+ 1

)
,

ãäå Nb � ÷èñëî áîçîíîâ. Òàêèì îáðàçîì óñëîâèå òîãî, ÷òî ñïèí ðàâåí S èìååò âèä

b+b = 2S. (6)

Ðàññìîòðèì òåïåðü ôîêîâñêîå ïðåäñòàâëåíèå àëãåáðû Ãàéçåíáåðãà (2) ïîäðîáíåå. Íà÷íåì, êàê âñå-
ãäà, ñ âàêóóìíîãî ñîñòîÿíèÿ |0⟩:

bα|0⟩ = 0. (7)

Ïîñòðîèì áàøíþ ñîñòîÿíèé

Nb = 0 |0⟩

Nb = 1 b+
0 |0⟩ b+

1 |0⟩

Nb = 2 (b+
0 )2|0⟩ b+

0 b+
1 |0⟩ (b+

1 )2|0⟩

Nb = 3 (b+
0 )3|0⟩ (b+

0 )2b+
1 |0⟩ b+

0 (b+
1 )2|0⟩ (b+

1 )3|0⟩

. . . . . . . . . . . . . . . . . . . . . . . . .

Ìû âèäèì, ÷òî íà êàæäîì óðîâíåNb ïîäïðîñòðàíñòâî äåéñòâèòåëüíîNb+1-ìåðíî. Óäîáíî íàïèñàòü
â êîìïîíåíòàõ

Sz =
1
2
(b+

0 b0 − b+
1 b1), S+ =

1
2
b+
0 b1, S− =

1
2
b+
1 b0.
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Îòñþäà ëåãêî íàéòè

S+(b+
0 )Nb−k(b+

1 )k|0⟩ =
k

2
(b+

0 )Nb−k+1(b+
1 )k−1|0⟩,

S−(b+
0 )Nb−k(b+

1 )k|0⟩ =
N − k

2
(b+

0 )N+b−k−1(b+
1 )k+1|0⟩,

Sz(b+
0 )Nb−k(b+

1 )k|0⟩ =
N − 2k

2
(b+

0 )Nb−k(b+
1 )k|0⟩.

(8)

Òåïåðü äàâàéòå ïåðåéäåì îò îïåðàòîðîâ ê ôóíêöèîíàëüíîìó èíòåãðàëó. Äëÿ áîçîííûõ êàíî-
íè÷åñêèõ ïåðåìåííûõ qi, pi ñ ôóíêöèåé Ãàìèëüòîíà H(q, p) ôóíêöèîíàëüíûé èíòåãðàë ñòðîèòñÿ ñ
ïîìîùüþ äåéñòâèÿ

SM [q, p] =
∫

dt (p∂tq − H(q, p)), SE [q, p] =
∫

dτ (−ip∂τq + H(q, p)).

Ïîñêîëüêó íàñ áóäåò èíòåðåñîâàòü ñèñòåìà ïðè êîíå÷íûõ òåìïåðàòóðàõ, âîñïîëüçóåìñÿ âòîðîé
ôîðìóëîé äëÿ ýâêëèäîâà ïðîñòðàíñòâà. Ðàññìîòðèì ñèñòåìó ñïèíîâ Si i = 1, . . . , N ñ ãàìèëüòî-
íèàíîì H(S). Òàê êàê ïåðåìåííàÿ ib+

α êàíîíè÷åñêè ñîïðÿæåíà ïåðåìåííîé bα, èìååì

Z =
∫

DbDb+ e−S[b,b+]
∏

i

δ(b+
i bi − 2Si), S[b, b+] =

∫
dτ

(∑
i

b+
i ∂τ bi + H(S(b, b+))

)
. (9)

×òîáû èçáàâèòüñÿ îò äåëüòà-ôóíêöèè, äàâàéòå çàïèøåì ïîëÿ b, b+ â ïîëÿðíûõ êîîðäèíàòàõ:

b0 = re
i
2 (χ+φ) cos

θ

2
, b+

0 = re−
i
2 (χ+φ) cos

θ

2
,

b1 = re
i
2 (χ−φ) sin

θ

2
, b1 = re

i
2 (χ−φ) sin

θ

2
,

S =
r2

2
(sin θ cos φ, sin θ sin φ, cos θ).

(10)

Ìåðà èíòåãðèðîâàíèÿ â íîâûõ ïåðåìåííûõ èìååò âèä

db+
0 db0db+

1 db1 = −1/

2
r3 dr dχ dφ sin θ dθ.

Ëåãêî âèäåòü, ÷òî ïðè r2 = 2S
b+∂τ b = iS∂τχ + iS cos θ∂τφ.

Ïîñêîëüêó ãàìèëüòîíèàí H(S) íå çàâèñèò îò ïåðåìåííûõ χ, âèäíî, ÷òî èíòåãðàë ïî Dχ ñâîäèòñÿ
ê ïîñòîÿííîìó ìíîæèòåëþ è ìîæåò áûòü îïóùåí. Îñòàåòñÿ èíòåãðèðîâàíèå ïî äâóìåðíûì óãëàì

db+
0 db0db+

1 db1δ(b+b − 2S)
dχ

∝ dΩ = sin θ dθ dφ = d cos θ dφ.

Èòàê,

Z =
∫

DΩ exp

(
−

∫
dτ

(
i
∑

i

Si cos θi∂τφi + H(S(θ, φ))
))

. (11)

ßñíî, ÷òî ýòî îçíà÷àåò ïðîñòî, ÷òî ôóíêöèîíàëüíûé èíòåãðàë äëÿ ñïèíîâ åñòü óãëîâîé èíòåãðàë
ïî íàïðàâëåíèÿì. Êàçàëîñü áû, íå áîã âåñòü ÷òî, íî ìû âûÿñíèëè, ÷òî ïåðåìåííûå cos θ è φ êà-
íîíè÷åñêè ñîïðÿæåíû äðóã äðóãó. Íåóäîáñòâî, ñîñòîèò â òîì, ÷òî ÷ëåí cos θ∂τ íå èíâàðèàíòåí ïî
îòíîøåíèþ ê ïîâîðîòàì. Õîòåëîñü áû ïðîñòî ïåðåéòè ê èíòåãðèðîâàíèþ ïî åäèíè÷íîìó âåêòîðó

N = S/S. (12)

×òîáû äîñòè÷ü ýòîãî, íóæíî ñäåëàòü îäèí òðþê. Ââåäåì äîïîëíèòåëüíóþ íåôèçè÷åñêóþ êîîðäè-
íàòó u è ïîòðåáóåì, ÷òîáû ïîëå N(u, τ) óäîâëåòâîðÿëî ãðàíè÷íûì óñëîâèÿì

N(0, τ) = (1, 0, 0), N(1, τ) = N(τ). (13)

2



Èíûìè ñëîâàìè

cos θ(0, τ) = 0, φ(0, τ) = 0, cos θ(1, τ) = cos θ(τ), φ(1, τ) = φ(τ).

Òîãäà∫
dτ cos θ ∂τφ =

∫
dτ

∫ 1

0

du ∂u(cos θ ∂τφ) =
∫

dτ

∫ 1

0

du (∂u cos θ ∂τφ + cos θ ∂u∂τφ)

=
∫

dτ

∫ 1

0

du (∂u cos θ ∂τφ − ∂τ cos θ ∂uφ).

Ïîäûíòåãðàëüíîå âûðàæåíèå â ñàìîì êîíöå ïðåäñòàâëÿåò ñîáîé ÿêîáèàí ïðåîáðàçîâàíèÿ îò ïåðå-
ìåííûõ (u, τ) ê ïåðåìåííûì (cos θ, φ). Èíûìè ñëîâàìè, ýòî ïëîùàäü, êîòîðóþ çàìåòàåò íà åäèíè÷-
íîé ñôåðå åäèíè÷íàÿ ïëîùàäêà íà ïëîñêîñòè (u, τ). Ïî îïðåäåëåíèþ âåêòîðíîãî ïðîèçâåäåíèÿ ýòà
ïëîùàäü ðàâíà ïî ìîäóëþ |∂uN × ∂τN |. Åñëè ó÷åñòü çíàê, ïîëó÷àåì∫

dτ cos θ ∂τφ =
∫

dτ

∫ 1

0

du N(∂uN × ∂τN). (14)

Îêîí÷àòåëüíî ôóíêöèîíàëüíûé èíòåãðàë (9) çàïèñûâàåòñÿ òàê:

Z =
∫

DN e−Skin[N ]−SH [N ],

Skin[N ] = i
∫

dτ

∫ 1

0

du
∑

i

SiN i(∂uN i × ∂τN i), SH [N ] =
∫

dτ H(N). (15)

Ñðàçó æå âîçíèêàåò âîïðîñ î âîçìîæíîé íåîäíîçíà÷íîñòè äåéñòâèÿ Skin, êîòîðîå, âñå-òàêè äîëæíî
áûòü ôóíêöèîíàëîì îò ïîëÿ N(τ) = N(1, τ). Ïóñòü N(u, τ) è N ′(u, τ) � äâå ôóíêöèè, óäîâëåòâî-
ðÿþùèå ãðàíè÷íîìó óñëîâèþ (13) ñ îäíèì è òåì æå çíà÷åíèåì N(τ). Äàâàéòå òåïåðü ïðîäîëæèì
ïîëå N(u, τ) íà ïîëîñó −1 ≤ u ≤ 1 ñëåäóþùèì îáðàçîì:

N(u, τ) = N ′(−u, τ) ïðè −1 ≤ u < 0.

Òîãäà

Skin(N) − Skin(N ′) = i
∑

i

Si

∫
dτ

∫ 1

−1

du N(∂uN × ∂τN). (16)

Ìû ìîæåì ñ÷èòàòü òåïåðü, ÷òî ïîëå N(u, τ) îïðåäåëåíî íà îêðóæíîñòè ïî ïåðåìåííîé u, òàê êàê
N(1, τ) = N(−1, τ). Áîëåå òîãî, ïðè êîíå÷íûõ òåìïåðàòóðàõ T > 0 èíòåãðàë ïî τ áåðåòñÿ îò 0
äî β ñ öèêëè÷åñêèì ãðàíè÷íûì óñëîâèåì: N(β) = N(0). Åñòåñòâåííî ðàñøèðèòü ýòî óñëîâèå íà
âñå çíà÷åíèÿ u: N(u, β) = N(u, 0). Òàêèì îáðàçîì N(u, τ) îñóùåñòâëÿåò îòîáðàæåíèå äâóìåðíîãî
òîðà T 2 íà ñôåðó S2. Íî èç òîïîëîãèè (è çäðàâîãî ñìûñëà) ìû çíàåì, ÷òî âñå îòîáðàæåíèÿ òîðà
íà ñôåðó òðèâèàëüíû, òî åñòü ñòÿãèâàåìû â òî÷êó, è ïëîùàäü, êîòîðóþ òîð çàìåòåò íà ñôåðå (ñ
ó÷åòîì çíàêîâ ñòîðîí) ðàâíà íóëþ. Ïîýòîìó

Skin[N ] − Skin[N ′] = 0. (17)

Ýòî î÷åíü âàæíîå çàêëþ÷åíèå, êîòîðîå áûëî áû òðóäíî ïîëó÷èòü â ïåðåìåííûõ θ, φ, òàê êàê òàì
ïðèøëîñü áû áîðîòüñÿ ñ äîâîëüíî ñëîæíîé ãðàíèöåé.

Ïðè T = 0 âîçìîæíà äðóãàÿ ñèòóàöèÿ, êîãäà âíåøíåå ïîëå ôèêñèðóåò çíà÷åíèÿ N ïðè τ → ±∞.
Òîãäà ðàñøèðåííîå ïîëå N(u, τ) îñóùåñòâëÿåò îòîáðàæåíèå èç S2 â S2. Â ýòîì ñëó÷àå âîçìîæíû
òîïîëîãè÷åñêè íåòðèâèàëüíûå îòîáðàæåíèÿ, êîãäà ïåðâàÿ ñôåðà íàêðûâàåò âòîðóþ q ∈ Z ðàç.
Âåëè÷èíà q ìîæåò áûòü êàê ïîëîæèòåëüíîé, òàê è îòðèöàòåëüíîé, è íàçûâàåòñÿ òîïîëîãè÷åñêèì
çàðÿäîì îòîáðàæåíèÿ. Òîãäà èíòåãðàë â ïðàâîé ÷àñòè (16) áóäåò ðàâåí 4πq:

q =
1
4π

∫
d2xN(∂1N × ∂2N) =

1
8π

∫
d2x ϵµνN(∂µN × ∂νN). (18)
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Òîãäà

Skin[N ] − Skin[N ′] = 4πi
∑

i

Siqi. (19)

Ñëåäîâàòåëüíî

e−(Skin[N ]−Skin[N ′]) = e4πi
P

i Siqi = 1 ïðè öåëûõ èëè ïîëóöåëûõ ñïèíàõ Si. (20)

Òåïåðü ïîïðîáóåì ïðèìåíèòü ïîëó÷åííûé ðåçóëüòàò ê çàäà÷å î êîëëèíåàðíîì àíòèôåððîìàã-
íåòèêå íà êóáè÷åñêîé D-ìåðíîé ðåøåòêå âî âíåøíåì ìàãíèòíîì ïîëå. Áóäåì ñ÷èòàòü, ÷òî âçàèìî-
äåéñòâóþò òîëüêî áëèæàéøèå ñîñåäè:

H(N) =
JS2

2

∑
r,eµ

Nr+eµNr − S
∑

r

hNr, (21)

ãäå ïåðâàÿ ñóììà áåðåòñÿ ïî âñåì óçëàì ðåøåòêè r è âåêòîðàì eµ îðòîíîðìèðîâàííîãî áàçèñà. Âáëè-
çè êðèòè÷åñêîé òî÷êè ïîëå N äîëæíî â íóëåâîì ïîðÿäêå îñöèëëèðîâàòü êàê (−1)r ≡ (−1)j1+...+jD ,
ãäå r = a(j1e1 + . . . jDeD). Åñòåñòâåííî áûëî áû íàïèñàòü Nr = (−)rn(x, τ), ãäå x = ar � ¾íåïðå-
ðûâíàÿ âåðñèÿ¿ ïåðåìåííîé r ïðè ïîñòîÿííîé ðåøåòêè a. Îäíàêî ýòî íåäîñòàòî÷íî. Ýòî ëåãêî
ïîíÿòü, ïðîñòî âêëþ÷èâ âíåøíåå ïîëå, ïåðïåíäèêóëÿðíîå íàïðàâëåíèÿì ñïèíîâ. Â ýòîì ñëó÷àå
âñå ñïèíû ¾ïåðåêîñÿòñÿ¿ è ïîëó÷èòüñÿ, ÷òî n îñöèëëèðóåò ñ ïåðèîäîì 2a, ÷òî íåäîïóñòèìî äëÿ
ñêåéëèíãîâîãî ïîëÿ. Ïîýòîìó îïðåäåëèì äâà ïîëÿ:

Nr(τ) = (−)rn(x, τ)(1 − a2Dl2/2) + aDl(x, τ), n2 = 1, nl = 0, a2Dl2 ≪ 1. (22)

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â (21) ìû ïîëó÷àåì â ëèäèðóþùèõ ïîðÿäêàõ ïî n è l:

H(n, l) =
∫

dDx

(
ρs

2
(∂µn)2 +

χ⊥S2

2
l2 − Shl

)
, (23)

ãäå ñïèíîâàÿ æåñòêîñòü ρs è ïîïåðå÷íàÿ âîñïðèèì÷èâîñòü χ⊥ èìåþò âèä

ρs = JS2a2−D, χ⊥ = 2DJaD.

Ïîäñòàâëÿÿ òåïåðü (22) â Skin, ïîëó÷àåì

Skin[n, l] = S′[n] + iS
∫

dDx dτ

∫ 1

0

du (n(∂ul × ∂τn) + n(∂un × ∂τ l)) , (24)

ãäå

S′[n] = iS
∑

r

(−1)r

∫
dτ

∫ 1

0

du nr(∂unr × ∂τnr). (25)

Çäåñü áûëî òàêæå èñïîëüçîâàíî, ÷òî l(∂un×∂τn) = 0. Ñî ñëàãàåìûì S′ ìû ïîïðîáóåì ðàçîáðàòüñÿ
ïîçæå, à ïîêà óïðîñòèì äâà äðóãèõ ñëàãàåìûõ:

n(∂ul × ∂τn) = ∂u(n(l × ∂τn)) − n(l × ∂u∂τn),
n(∂un × ∂τ l) = −∂τ (n(l × ∂un)) + n(l × ∂u∂τn).

Äàëåå, â ñèëó ãðàíè÷íûõ óñëîâèé∫
dτ ∂τf(τ) = 0,

∫
du ∂uf(u) = f(1) − f(0). (26)

Ïîýòîìó

Skin[n, l] = S′[n] − iS
∫

dDx dτ l(n × ∂τn). (27)

Èòàê,

Z =
∫

Dn Dl e−S′[n]−Seff [n,l],

Seff [n, l] =
∫

dDx dτ

(
ρs

2
(∂µn)2 +

χ⊥S2

2
l2 − Sl(in × ∂τn + h)

)
.
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Èíòåãðàë ïî Dl, âî-ïåðâûõ, êâàäðàòè÷åí, à âî-âòîðûõ, íå ñîäåðæèò ïðîèçâîäíûõ îò l. Ïîýòîìó åãî
ëåãêî âçÿòü:

Z =
∫

Dn e−S′[n]−Seff [n],

Seff [n] =
∫

dDx dτ

(
ρs

2
(
(∂µn)2 + c−2(∂τn)2

)
− i

χ⊥
h(n × ∂τn) − h2

χ⊥

)
,

(28)

ãäå c =
√

ρsχ⊥ � ñêîðîñòü ñïèíîâûõ âîëí. Ïî ñóòè, ìû ïîëó÷èëè âñå òó æå O(3)-ìîäåëü â D + 1
èçìåðåíèè, ïðàâäà ñ âåñüìà ñïåöèôè÷åñêîé çàâèñèìîñòüþ îò âíåøíåãî ïîëÿ. Ó íàñ îñòàëîñü îäíî
áåñïîêîéñòâî � ÷ëåí S′[n]. Ôîðìàëüíî ýòîò ÷ëåí ìàë ïî ñðàâíåíèþ ñ îñòàëüíûìè, íî îí ñîäåðæèò
ìíèìóþ ÷àñòü, ïîýòîìó ìîæåò ñóùåñòâåííî èçìåíèòü ïîâåäåíèå ñèñòåìû.

Ðàññìîòðèì ñëó÷àé D = 1. Â ýòîì ñëó÷àå íåòðóäíî âû÷èñëèòü äîáàâêó S′[n]. Äåéñòâèòåëüíî,

S′[n] = iS
∑

j

(−1)j

∫
dτ

∫ 1

0

du nj(∂unj × ∂τnj)

= iS
∑

k

∫
dτ

∫ 1

0

du (n2k(∂un2k × ∂τn2k) − n2k−1(∂un2k−1 × ∂τn2k−1))

Ðàññìîòðèì êîíå÷íóþ (íî äëèííóþ) öåïî÷êó ñ ÷åòíûì ÷èñëîì óçëîâ è ñ ôèêñèðîâàííûìè ãðàíè÷-
íûìè óñëîâèÿìè. Âîñïîëüçóåìñÿ ïðè ýòîì ôîðìóëîé ñóììèðîâàíèÿ

n∑
j=0

f(j) ≃ f(0) + f(n)
2

+
∫ n

0

dx f(x).

Åñëè n = 2m − 1, èìååì

2m−1∑
j=0

(−1)jf(j) ≃ f(0) − f(2m − 1)
2

+
∫

dx f(x)eiπx ≃ f(0) − f(2m − 1)
2

= −1
2

∫
dx f ′(x).

Ïî-äðóãîìó,

2m−1∑
j=0

(−1)jf(j) = −
m−1∑
k=0

(f(2k + 1) − f(2k)) ≃ −
m−1∑
k=0

f ′(2k) ≃ 1
2
intdx f ′(x)

Àíàëîãè÷íî
2m∑
j=1

(−1)jf(j) ≃ f(2m) − f(1)
2

≃ 1
2

∫
dx f ′(x)

èëè
2m∑
j=1

(−1)jf(j) =
m∑

k=1

(f(2k) − f(2k − 1)) ≃
m∑

k=1

f ′(2k − 1) ≃ 1
2

∫
dx f ′(x).

Òàêèì îáðàçîì, îò âûáîðà íà÷àëüíîé òî÷êè çàâèñèò çíàê àëüòåðíèðîâàííîé ñóììû. Ìû óâèäèì,
÷òî â íàøåì ñëó÷àå çíàê íå èìååò çíà÷åíèÿ. Ïîýòîìó ïîëó÷àåì

S′[n] ≃ ±i
S

2

∫
dx dτ

∫ 1

0

du ∂x(n(∂un × ∂τn)).

Òåïåðü âîñïîëüçóåìñÿ òîæäåñòâîì

∂x(n(∂un × ∂τn)) + ∂u(n(∂τn × ∂xn)) + ∂τ (n(∂xn × ∂un)) = 0.

Òàêèì îáðàçîì, ìû ìîæåì âûðàçèòü ïðîèçâîäíóþ ïî x ÷åðåç ñóììó ïðîèçâîäíûé ïî τ è ïî u. Â
ñèëó óñëîâèé (26) âêëàä ïðîèçâîäíîé ïî τ ïðîïàäåò, à èíòåãðàë îò ïðîèçâîäíîé ïî u äàñò çíà÷åíèå
ïîëåé ïðè u = 1. Ïîëó÷àåì

S′[n] = ±i
S

2

∫
dx dτ n(∂xn × ∂τn) = ±2πSq, (29)
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ãäå q � òîïîëîãè÷åñêèé çàðÿä êîíôèãóðàöèè n(x, τ). Íàïîìíèì, ÷òî ïðè ôèêñèðîâàííûõ ãðàíè÷-
íûõ óñëîâèÿõ è êîíå÷íîé òåìïåðàòóðå ïðîñòðàíñòâî (x, τ) òîïîëîãè÷åñêè ýêâèâàëåíòíî ñôåðå. Ýòî
çíà÷èò, ÷òî ñòàòèñòè÷åñêàÿ ñóììà ðàñïàäàåòñÿ â ñóììó ïî êîíôèãóðàöèÿì ðàçëè÷íîé òîïîëîãèè:

Z =
∞∑

q=−∞
e±2πiSqZq =

∞∑
q=−∞

(−)2SqZq, Zq =
∫

Dn δq[n],qe
−Seff [n]. (30)

Ìû âèäèì, ÷òî

Z =

{∑
q Zq, S � öåëîå,∑
q(−1)qZq, S � ïîëóöåëîå.

(31)

Âàæíûé ôàêò ñîñòîèò â òîì, ÷òî âñå îäíîìåðíûå ñïèíîâûå öåïî÷êè ðàñïàäàþòñÿ íà äâà êëàññà

óíèâåðñàëüíîñòè. Ìû óâèäèì, ÷òî â ñëó÷àå öåëîãî ñïèíà ñèñòåìà èìååò ìàññèâíûé ñïåêòð, â òî
âðåìÿ êàê â ñëó÷àå ïîëóöåëîãî ñïèíà ñïåêòð áåçìàññîâûé. Ýòè óòâåðæäåíèÿ ñîñòàâëÿþò ñîäåðæà-
íèå ãèïîòåçû Õîëäåéíà.

Ïîä êîíåö, çàïèøåì ñèñòåìó áåç âíåøíåãî ïîëÿ êàê ðåëÿòèâèñòñêóþ ñèãìà-ìîäåëü. Ïîëîæèì
x1 = x, x2 = cτ (èëè x0 = ct), g = ρ−1

s . Êðîìå òîãî, ïðåäïîëîæèì ïðîèçâîëüíûé êîýôôèöèåíò θ
ïðè òîïîëîãè÷åñêîì ÷ëåíå â äåéñòâèè. Ïîëó÷àåì

S[n] =
1
2g

∫
d2x (∂µn)2 + i

θ

8π

∫
d2xn(∂µn × ∂νn)ϵµν , n = (n1, n2, n3), n2 = 1. (32)

Çàäà÷è

1.Ïðîâåðèòü ïðåîáðàçîâàíèåØâèíãåðà�Âèãíåðà, ïîëó÷èâ (3) èç (1), (2). Âûâåñòè òàêæå (4), (5).
2. Ïîëó÷èòü äåéñòâèå â ôóíêöèîíàëüíîì èíòåãðàëå (11).
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