
Ëåêöèÿ 13

O(N)-ìîäåëü: 1/N-ðàçëîæåíèå

Ðàññìîòðèì îáùóþ O(N)-ìîäåëü â ïðîñòðàíñòâå Ìèíêîâñêîãî:

S[n] =
1
2g

∫
d2x (∂µn)2, n2 = 1. (1)

Óäîáíî ââåñòè âñïîìîãàòåëüíîå ïîëå ω(x) è íàïèñàòü äåéñòâèå â âèäå

S[n, ω] =
1
2g

∫
d2x ((∂µn)2 − ω(n2 − 1)), (2)

ãäå âåêòîð n òåïåðü ïðîáåãàåò ëþáûå çíà÷åíèÿ â RN . Ðàññìîòðèì ôóíêöèîíàëüíûé èíòåãðàë

Z[J ] =
∫

Dω Dn eiS[n,ω]+ig−1/2 R

d2x Jn. (3)

Èíòåãðàë ïî n � ãàóññîâ. Âîçüìåì åãî. Çàìåòèì, ÷òî

iS[n, ω] + ig−1/2

∫
d2x Jn = −1

2

(
ni

g1/2
,K(ω)δij

nj

g1/2

)
+

(
iJi,

ni

g1/2

)
+ i

∫
d2x

ω

2g
,

ãäå
K(ω) = i(∂2

µ + ω).

Îòñþäà ïîëó÷àåì

Z[J ] =
∫

Dω (det(∂2
µ + ω))−N/2 exp

(
i

∫
d2x

ω

2g
− 1

2

∫
d2x d2x′ Ji(x)G(x, x′|ω)Ji(x′)

)
,

ãäå G(x, x′|ω) � ðåøåíèå óðàâíåíèÿ

i(∂2
µ + ω(x))G(x, x′|ω) = δ(x − x′). (4)

Ïî-äðóãîìó ïðîèçâîäÿùèé ôóíêöèîíàë ìîæíî ïåðåïèñàòü â âèäå

Z[J ] =
∫

Dω exp
(

iSeff [ω] − 1
2

∫
d2x d2x′ Ji(x)G(x, x′|ω)Ji(x′)

)
, (5)

Seff [ω] = i
N

2
tr log(∂2

µ + ω) +
∫

d2x
ω

2g
. (6)

Íàéäåì òî÷êó ïåðåâàëà ýòîãî èíòåãðàëà ïðè N → ∞. Ïðåäïîëîæèì, ÷òî òî÷êå ïåðåâàëà îòâå÷àåò

ω(x) = const = ω0.

Òîãäà

tr log(∂2
µ + ω0) = V

∫
d2k

(2π)2
log(ω0 − k2 − i0)

= iV

∫
E

d2k

(2π)2
log(ω0 + k2)

iV

2π

∫ Λ

0

dk k log(ω0 + k2) =
iV

4π

∫ ω0+Λ2

ω0

du log u =
iV

4π

[
u log

u

e

]ω0+Λ2

ω0

=
iV

4π

(
(ω0 + Λ2) log

Λ2

e
− ω0 log

ω0

e

)
=

iV

4π

(
ω0 log

Λ2

ω0
+ Λ2 log

Λ2

e

)
. (7)
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ãäå Λ � ïàðàìåòð óëüòðàôèîëåòîâîãî îáðåçàíèÿ. Ïîä ëîãàðèôìîì ìû ïðåíåáðåãëè ω0 ïî ñðàâíåíèþ
ñ Λ. Íàõîäèì

0 =
dS[ω0]
dω0

= V

(
− N

8π
log

Λ2

ω0
+

1
2g

)
.

Îòñþäà íàõîäèì

ω0 = m2 = Λ2 exp
(
− 4π

Ng

)
. (8)

Ìû âèäèì, ÷òî â ïðåäåëå Λ → ∞ ñëåäóåò óñòðåìèòü ê íóëþ è g, ïðè÷åì òàêèì îáðàçîì, ÷òîáû
âåëè÷èíà ω0 = m2 îñòàâàëàñü êîíå÷íîé. Äëÿ áåòà-ôóíêöèè ïðè áîëüøèõ N íàõîäèì

dg

d log Λ
= β(g) = − N

4π
g2. (9)

Âàæíî òî, ÷òî â òåîðèè âîçíèêàåò ïàðàìåòð m ðàçìåðíîñòè ìàññû. Ìû ñåé÷àñ óâèäèì, ÷òî ýòî
äåéñòâèòåëüíî ìàññà. Â òåîðèè èìååò ìåñòî äèíàìè÷åñêàÿ ãåíåðàöèÿ ìàññû. Íè íà êàêèõ ìàñøòàáàõ
êîððåëÿöèîííûå ôóíêöèè íå áóäóò ñïàäàòü ñòåïåííûì îáðàçîì, è íàëè÷èå ðàçìåðíîãî ïàðàìåòðà
áóäåò çàìåòíî â êîððåëÿöèîííûõ ôóíêöèÿõ íà ëþáûõ ìàñøòàáàõ.

Äàâàéòå òåïåðü ðàçîâüåì òåîðèþ âîçìóùåíèé ïî ïàðàìåòðó 1/N . Ïðåäñòàâèì ω(x) â âèäå

ω(x) = m2 + (2/N)1/2ρ(x)

è ðàçëîæèì ýôôåêòèâíîå äåéñòâèå ïî ñòåïåíÿì N−1/2ρ(x):

Seff [ω0 + (2/N)1/2ρ] = const + i
N

2
tr log

(
1 + (2/N)1/2ρ(∂2

µ + m2)−1
)

= const + i
N

2
tr log(1 + i(2/N)1/2ρG)

= const − i
N

2

∞∑
n=2

(−i)n(2/N)n/2

n
tr(ρG)n.

= const − i
N

2

∞∑
n=2

(−i)n(2/N)n/2

n

∫
d2nx ρ(x1)G(x1, x2) . . . ρ(xn)G(xn, x1). (10)

Çäåñü G(x1, x2) = G(x1, x2|m2). ×ëåí ñ n = 1, ëèíåéíûé ïî ρ, îïóùåí ââèäó ïðåäïîëîæåíèÿ, ÷òî
ýôôåêòèâíîå äåéñòâèå èìååò ìèíèìóì ïðè ρ = 0. Êâàäðàòè÷íûé ÷ëåí â äåéñòâèè èìååò âèä

i

2

∫
d2x1 d2x2 ρ(x1)G(x1, x2)ρ(x2)G(x2, x1).

Ïîýòîìó ïðîïàãàòîð D(x1, x2) ïîëÿ ρ(x) åñòü îïåðàòîð, îáðàòíûé ê

D−1(x1, x2) = G(x1, x2)G(x2, x1).

Òåïåðü ÿñíî, äëÿ ÷åãî ïîíàäîáèëñÿ ìíîæèòåëü (2/N)1/2 ïåðåä ρ. Îí ïîçâîëÿåò èçáàâèòüñÿ îò êî-
ýôôèöèåíòà 2/N â ïðîïàãàòîðå D(x1, x2).

Ïåðåõîäÿ ê èìïóëüñíîìó ïðåäñòàâëåíèþ, ïîëó÷èì

D(k) = k = −
(∫

d2q

(2π)2
1

(q2 − m2 + i0)((q + k)2 − m2 + i0)

)−1

. (11)

Êðîìå òîãî, îïåðàòîð G(x, x′|ω), âõîäÿùèé â (5), òîæå ñëåäóåò ðàçëîæèòü ïî ρ(x):

G[m2 + (2/N)1/2ρ] =
1

G−1[m2] + i(2/N)1/2ρ
=

∞∑
n=0

(−i)n
(

2
N

)n/2
G(ρG)n

G(x1, x2|m2 + (2/N)1/2ρ) =
∞∑

n=0

(−i)n

(
2
N

)n/2 ∫
d2n−2y G(x1, y1)ρ(y1)G(y1, y2) . . . ρ(yn)G(yn, x2).
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Èçîáðàçèì G(x1, x2) ñïëîøíîé ëèíèåé:

Gij(p) = i jp = G(p)δij =
iδij

p2 − m2 + i0
. (12)

Åñëè åùå ââåñòè âåðøèíó

= −i

(
2
N

)1/2

δij , (13)

Ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèå ïðàâèëà äèàãðàììíîé òåõíèêè:

1) Äèàãðàììà ñîñòîèò èç ïóíêòèðíûõ ëèíèé (11), ñïëîøíûõ ëèíèé (12) è âåðøèí (13).

2) Âíåøíèìè ëèíèÿìè äèàãðàììû ìîãóò áûòü òîëüêî ñïëîøíûå ëèíèè, îòâå÷àþùèå ìàññèâíûì
÷àñòèöàì φi = g−1/2ni.

3) Çàìêíóòûå ïåòëè ñïëîøíûõ ëèíèé äîëæíû ñîäåðæàòü íå ìåíåå òðåõ âåðøèí.

Ìû âèäèì, ÷òî â òàêîé ôîðìóëèðîâêå äèàãðàììíàÿ òåõíèêà âîîáùå íå ñîäåðæèò êîíñòàíòû
ñâÿçè g. Ïîðÿäîê äèàãðàììû ïî 1/N ðàâåí 1

2V − L, ãäå V � ÷èñëî âåðøèí, à L � ÷èñëî ïåòåëü èç
ñïëîøíûõ ëèíèé. Èç ïðàâèëà 3 ñëåäóåò, ÷òî ïîðÿäîê äèàãðàììû âñåãäà ïîëîæèòåëåí.

Ñâÿçü ìåæäó êîíñòàíòîé ñâÿçè g, ìàññîé m è ïàðàìåòðîì îáðåçàíèÿ Λ ìîæíî óòî÷íÿòü ñ ïîìî-
ùüþ ñîîòíîøåíèÿ ⟨

N∑
i=1

φ2
i (x)

⟩
=

1
g
.

Íàïðèìåð â ïîðÿäêå 1/N ìîæíî ïîëó÷èòü, ÷òî

m2 = Λ2 exp
(
− 4π

(N − 2)g

)
. (14)

Äàâàéòå òåïåðü ïîïðîáóåì âû÷èñëèòü S-ìàòðèöó O(N)-ìîäåëè. Ðàçáåðåìñÿ ñíà÷àëà ñ êèíåìàòè-
êîé. Ó íàñ èìååòñÿ N ÷àñòèö ìàññû m. Ïóñòü äâå òàêèå ÷àñòèöû ñ áûñòðîòàìè θ1 è θ2 ðàññåèâàþòñÿ
äðóã íà äðóãå, îáðàçóÿ äâå íîâûå ÷àñòèöû òîé æå ìàññû ñ áûñòðîòàìè θ′1 è θ′2. Òîãäà

m ch θ1 + m ch θ2 = m ch θ′1 + m ch θ′2,

m sh θ1 + m sh θ2 = m sh θ′1 + m sh θ′2.

Ýòî óðàâíåíèå èìååò òîëüêî äâà ðåøåíèÿ: θ′1 = θ1, θ′2 = θ2 è θ′1 = θ2, θ′2 = θ1. Ìàòðèöó ðàññåÿíèÿ
äâóõ ÷àñòèö â äâå ìîæíî ïðåäñòàâèòü â âèäå

Si′j′

ij (θ1, θ2; θ′1, θ
′
2) = (2π)2δ(p′1 − p1)δ(p′2 − p2)S

i′j′

ij (θ1 − θ2) + (2π)2δ(p′2 − p1)δ(p′1 − p2)S
j′i′

ij (θ1 − θ2).

×òîáû ïðàâèëüíî íîðìèðîâàòü, íóæíî ïðåîáðàçîâàòü äåëüòà-ôóíêöèè ê ñòàíäàðòíîìó âèäó äåëüòà-
ôóíêöèè ïî äâóìåðíîìó èìïóëüñíîìó ïðîñòðàíñòâó. Äëÿ, íàïðèìåð, ïåðâîãî ÷ëåíà èìååì

(2π)2δ(P ′ − P )
sh(θ1 − θ2)
ch θ1 ch θ2

Si′j′

ij (θ1 − θ2) = (2π)2δ(P ′ − P )
4m2 sh(θ1 − θ2)

4ε1ε2
Si′j′

ij (θ1 − θ2).

Ñëåäîâàòåëüíî, â ñòàíäàðòíûõ îáîçíà÷åíèÿõ

M i′j′

ij (θ1 − θ2) = 4m2 sh(θ1 − θ2)S
i′j′

ij (θ1 − θ2).

Óñëîâèå ñîâìåñòèìîñòè ñ O(N)-ñèììåòðèåé äàåò

Si′j′

ij (θ) = δi′j′δijS1(θ) + δi′iδj′jS2(θ) + δj′iδi′jS3(θ). (15)
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Â ïîðÿäêå 1/N ìàòðè÷íûå ýëåìåíòû äàþòñÿ ñëåäóþùèìè äèàãðàììàìè:

4m2 sh θ S1(θ) =

...................................................

...........
...........
...........
...........
....... ...........

...........
...........
...........
.......

...................................................

p1

p2

p1

p2

,

4m2 sh θ S2(θ) =

p1

p2

p1

p2

+

p1

p2

p1

p2

,

4m2 sh θ S3(θ) =

p1

p2

p2

p1

.

Äëÿ âû÷èñëåíèÿ ýòèõ äèàãðàìì íàì ïîíàäîáèòñÿ ÿâíàÿ ôîðìóëà äëÿ D(k). Îíà èìååò âèä

D−1(k) =
i

2πk2

1√
1 − 4m2

k2

log

√
1 − 4m2

k2 + 1√
1 − 4m2

k2 − 1
. (16)

Ýòà ãðîìîçäêàÿ ôîðìóëà ñòàíîâèòñÿ âïîëíå ýëåìåíòàðíîé â ïàðàìåòðèçàöèè

k2 = −4m2 sh2 θ

2
. (17)

Çàìåòèì, ÷òî óãîë θ â ýòîé ïàðàìåòðèçàöèè ñîâïàäàåò ñ θ1 − θ2 â ñëó÷àå äèàãðàììû äëÿ S3. Èìååì

D(k) = 4πim2 · sh θ

θ
. (18)

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â äèàãðàììû, ïîëó÷àåì

S1(θ) = − 2πi

N(iπ − θ)
,

S2(θ) = 1 − 2πi

N sh θ
,

S3(θ) = −2πi

Nθ
.

(19)

Ëèòåðàòóðà

[1] A. B. Zamolodchikov, Al. B. Zamolodchikov, Annals Phys. 120 (1979) 253.
[2] À. Ì. Ïîëÿêîâ, Êàëèáðîâî÷íûå ïîëÿ è ñòðóíû.
[3] À. Ì. Öâåëèê, Êâàíòîâàÿ òåîðèÿ ïîëÿ â òåîðèè êîíäåíñèðîâàííîãî ñîñòîÿíèÿ.

Çàäà÷è

1. Äîêàæèòå, ÷òî

eiS[n]δ(n2 − 1) =
∫

Dω eiS[n,ω].

2. Ïîëó÷èòå (16).
3.Ìîäåëü Ãðîññà�Íåâ�å äëÿ N -êîìïîíåíòíîãî ìàéîðàíîâñêîãî (ò. å. âåùåñòâåííîãî â ïðåäñòàâëå-

íèè ñ ÷èñòî ìíèìûìè γ-ìàòðèöàìè, ñì. òàêæå ëåêöèþ 11 ââîäíîãî êóðñà) ôåðìè-ïîëÿ îïðåäåëÿåòñÿ
äåéñòâèåì

S[ψ] =
∫

d2x

(
i

2
ψ̄iγ

µ∂µψi −
g

8
(ψ̄iψi)2

)
(ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðåäïîëàãàåòñÿ ñóììèðîâàíèå; â ïðåäñòàâëåíèè ñ ÷èñòî ìíèìûìè
ãàììà-ìàòðèöàìè ψ̄ = ψT γ0).
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Ïîêàæèòå, ÷òî ýòà ìîäåëü ýêâèâàëåíòíà ìîäåëè ñî âñïîìîãàòåëüíûì áîçîííûì ïîëåì

S[ψ, ω] =
∫

d2x

(
1
2
ψ̄i(iγµ∂µ − ω(x))ψi −

ω2(x)
2g

)
.

Ïîêàæèòå, ÷òî â ìîäåëè èìååò ìåñòî äèíàìè÷åñêàÿ ãåíåðàöèÿ ìàññû

ω0 = m = Λexp
(
− 2π

Ng

)
.
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