
Ëåêöèÿ 14

O(N)-ìîäåëü: èíòåãðèðóåìîñòü è òî÷íàÿ S-ìàòðèöà

Ðàññìîòðèì O(N)-ìîäåëü ñ äåéñòâèåì

S[n, ω] =
1
2g

∫
d2x ((∂µn)2 − ω(n2 − 1))

è êëàññè÷åñêèìè óðàâíåíèÿìè äâèæåíèÿ:

∂µ∂µn + ωn = 0, n2 = 1.

Â êîîðäèíàòàõ ñâåòîâîãî êîíóñà z, z̄ èìååì äëÿ äåéñòâèÿ

S[n, ω] = −1
g

∫
dz dz̄

(
∂n∂̄n +

ω

4
(n2 − 1)

)
, (1)

à äëÿ óðàâíåíèé
4∂∂̄n = ωn. (2)

Äåéñòâèå (1) èíâàðèàíòíî îòíîñèòåëüíî ïñåâäîêîíôîðìíûõ ïðåîáðàçîâàíèé

z → f1(z), z̄ → f2(z̄), ω → ω

f ′
1(z)f ′

2(z̄)
. (3)

Ïðåîáðàçîâàíèÿ âêëþ÷àþò â ñåáÿ ìàñøòàáíîå ïðåîáðàçîâàíèå, äëÿ êîòîðîãî

f1(z) = λz, f2(z̄) = λz̄,

è ïðåîáðàçîâàíèå èíâåðñèè
f1(z) = 1/z, f2(z̄) = 1/z̄.

Ïðè ïåðåõîäå ê ýâêëèäîâó ïðîñòðàíñòâó òðàíñëÿöèè, ìàñøòàáíîå ïðåîáðàçîâàíèå è èíâåðñèÿ
îáðàçóþò ãëîáàëüíóþ êîíôîðìíóþ ãðóïïó, ñîñòîÿùóþ èç êîíôîðìíûõ ïðåîáðàçîâàíèé, âçàèìîíî-
îäíîçíà÷íûõ íà ñôåðå C∪ {∞}. Ëîêàëüíûå êîíôîðìíûå ïðåîáðàçîâàíèÿ, òî åñòü ïðåîáðàçîâàíèÿ,
âçàèìíî-îäíîçíà÷íûå òîëüêî íà êàêèõ-òî îáëàñòÿõ, äàþòñÿ â ýòîì ñëó÷àå ïðîèçâîëüíûìè àíàëè-
òè÷åñêèìè ôóíêöèÿìè f(z) ≡ f1(z) = f2(z̄).

Íó, à ïîêà ïðîäîëæèì ðàññìîòðåíèå â ïðîñòðàíñòâå Ìèíêîâñêîãî. Òåíçîð ýíåðãèè-èìïóëüñà
èìååò âèä

Tzz =
1
g
(∂n)2, Tz̄z̄ =

1
g
(∂̄n)2, Tzz̄ = Tz̄z = − ω

4g
(n2 − 1).

Íà óðàâíåíèÿõ äâèæåíèÿ êîìïîíåíòû Tzz̄, Tz̄z îáðàùàþòñÿ â íóëü, ò. å. Tµ
µ = 0, ÷òî âûðàæàåò

ìàñøòàáíóþ èíâàðèàíòíîñòü ìîäåëè. Ñîõðàíåíèå ýíåðãèè-èìïóëüñà çàïèñûâàåòñÿ â âèäå

∂̄(∂n)2 = 0, ∂(∂̄n)2 = 0. (4)

Â áîëüøèíñòâå ñëó÷àåâ ýíåðãèÿ è èìïóëüñ ñîñòàâëÿþò åäèíñòâåííûå ëîêàëüíûå èíòåãðàëû äâèæå-
íèÿ, îäíàêî â ñëó÷àå O(N)-ìîäåëè ýòî íå òàê. Íåòðóäíî ïîëó÷èòü ñîîòíîøåíèå

4∂̄(∂2n)2 = ∂(ω(∂n)2) − 3∂ω(∂n)2, 4∂(∂̄2n)2 = ∂̄(ω(∂̄n)2) − 3∂̄ω(∂̄n)2. (5)

Ñåé÷àñ ìû ïîêàæåì, ÷òî ýòî óðàâíåíèå îçíà÷àåò ñóùåñòâîâàíèå äîïîëíèòåëíîãî èíòåãðàëà äâè-
æåíèÿ. Ïîñêîëüêó (∂n)2 ñîõðàíÿåòñÿ, ñ ïîìîùüþ ïñåâäîêîíôîðìíîãî ïðåîáðàçîâàíèÿ z = f1(z′),
òàêîãî ÷òî

dz′ =
∣∣∣∣∂n

∂z

∣∣∣∣ dz,

ìîæíî äîáèòüñÿ òîãî, ÷òîáû â íîâûõ êîîðäèíàòàõ áûëî

(∂n)2 = 1.
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Òîãäà (5) ïðåîáðàçóåòñÿ ê âèäó óðàâíåíèÿ íåïðåðûâíîñòè

∂̄(∂∂n)2 = ∂(2∂n∂̄n).

Íà ñàìîì äåëå (õîòÿ ýòî íåïðîñòî ïîêàçàòü) â ìîäåëè èìååòñÿ áåñêîíå÷íîå ÷èñëî èíòåãðàëîâ äâè-
æåíèÿ.

Ìû çíàåì, ÷òî â êâàíòîâîì ñëó÷àå (ïñåâäî)êîíôîðìíàÿ èíâàðèàíòíîñòü ìîäåëè íàðóøàåòñÿ,
òàê êàê ïîëå ω ïðåîáðåòàåò íåíóëåâîå ñðåäíåå çíà÷åíèå. Ïîýòîìó ðàññóæäåíèÿ ñ êîíôîðìíûìè
ïðåîáðàçîâàíèÿìè òåðÿþò ñèëó. Â êâàíòîâîì ñëó÷àå â óðàâíåíèÿõ, èç êîòîðûõ ñëåäóþò çàêîíû
ñîõðàíåíèÿ, äîëæíû âîçíèêàòü àíîìàëèè. Àíîìàëüíûå ÷ëåíû íå äîëæíû íàðóøàòü ìàñøòàáíóþ
èíâàðèàíòíîñòü óðàâíåíèé, â êîòîðûå ïåðåõîäÿò çàêîíû ñîõðàíåíèÿ. Ïîýòîìó, íàïðèìåð, â ïðàâîé
÷àñòè çàêîíà ñîõðàíåíèÿ ýíåðãèè-èìïóëüñà äîïóñòèì òîëüêî îäèí àíîìàëüíûé ÷ëåí, ñâîäÿùèéñÿ ê
ïîëíîé ïðîèçâîäíîé:

∂̄(∂n)2 = −β∂ω. (6)

Äëÿ êâàäðàòà òåíçîðà ýíåðãèè-èìïóëüñà àíîìàëüíûé ÷ëåí óæå íå áóäåò ïîëíîé ïðîèçâîäíîé:

∂̄(∂n)4 = −(2β + α′)(∂n)2∂ω + ∂(. . .). (7)

Òî æå ñàìîå äëÿ (5):
∂̄(∂2n)2 = −(3 + α)(∂n)2∂ω + ∂(. . .). (8)

Èç ýòèõ òðåõ óðàâíåíèé ìîæíî ñîñòàâèòü îäèí çàêîí ñîõðàíåíèÿ:

∂̄

(
(∂2n)2 − 3 + α

2β + α′ (∂n)4
)

= ∂(. . .). (9)

Èòàê, èìååòñÿ ïî êðàéíåé ìåðå äâà èíòåãðàëà äâèæåíèÿ ñïèíà 1 è 3:

I1 =
∫

dz
1
2
(∂n)2, I3 =

∫
dz

(
1
2
(∂2n)2 − 3 + α

2(2β + α′)
(∂n)4

)
. (10)

Ýòè èíòåãðàëû óäîâëåòâîðÿþò óðàâíåíèþ ∂̄Is = 0. Èíòåãðàëû I−1, I−3, óäîâëåòâîðÿþùèå óðàâíå-
íèþ ∂I−s = 0, ìîæíî ïîëó÷èòü çàìåíîé z ↔ z̄. Ïðè ïåðåõîäå ê îáû÷íûì êîîðäèíàòàì x, t è òå, è
äðóãèå âåëè÷èíû îñòàþòñÿ èíòåãðàëàìè äâèæåíèÿ.

Äîêàçàòü ñóùåñòâîâàíèå áåñêîíå÷íîãî íàáîðà èíòåãðàëîâ äâèæåíèÿ íå÷åòíûõ ñïèíîâ ìîæíî, íî
ñëîæíî. Íî óæå èç ñóùåñòâîâàíèÿ âòîðîãî èíòåãðàëà äâèæåíèÿ ìîæíî çàêëþ÷èòü íåâîçìîæíîñòü
ìíîæåñòâåííîãî ðîæäåíèÿ ÷àñòèö â ñòîëêíîâåíèÿõ äâóõ ÷àñòèö.

Ïóñòü |θ1, . . . , θn⟩ � àñèìïòîòè÷åñêîå ñîñòîÿíèå èç n ÷àñòèö ñ áûñòðîòàìè θ1, . . . , θn. Ïîëüçóÿñü
òåì, ÷òî pz = meθ, pz̄ = me−θ, íåòðóäíî ïðîâåðèòü, ÷òî

I±1|θ1, . . . , θn⟩ = const
n∑

i=1

me∓θi |θ1, . . . , θn⟩,

I±3|θ1, . . . , θn⟩ = const
n∑

i=1

m3e∓3θi |θ1, . . . , θn⟩.

Îòñþäà ïîëó÷àåì ÷åòûðå óðàâíåíèÿ äëÿ ðàññåÿíèÿ äâóõ ÷àñòèö â n ÷àñòèö:

e−sθ1 + e−sθ2 =
n∑

i=1

e−sθ′
i (s = −3,−1, 1, 3).

Åñëè çàôèêñèðîâàòü áûñòðîòû ÷àñòèö â êîíå÷íîì ñîñòîÿíèè, òî áóäåò ÷åòûðå óðàâíåíèÿ äëÿ äâóõ
íåèçâåñòíûõ. Ýòè óðàâíåíèÿ ìîãóò èìåòü ðåøåíèÿ òîëüêî ïðè ñïåöèàëüíûõ çíà÷åíèÿõ êîíå÷íûõ
áûñòðîò θ′1, . . . , θ

′
n. Íî èç àíàëèòè÷íîñòè àìïëèòóä ñëåäóåò, ÷òî àìïëèòóäû òàêèõ ïðîöåññîâ äîëæ-

íû áûòü òîæäåñòâåííî ðàâíû íóëþ. Åäèíñòâåííûì èñêëþ÷åíèåì ÿâëÿåòñÿ ñëó÷àé n = 2, êîãäà
â àìïëèòóäàõ ìîãóò áûòü δ-ôóíêöèè, îòâå÷àþùèå ãðàíè÷íûì çíà÷åíèÿì ïîëþñîâ âíå ìàññîâîé
ïîâåðõíîñòè.
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Â îáùåì ñëó÷àå èìååì

Is|θ1, . . . , θn⟩ = const
n∑

i=1

e−sθi |θ1, . . . , θn⟩.

Îòñþäà ñëåäóåò, ÷òî ìîäåëü äîïóñêàåò òîëüêî ðàññåÿíèÿ n ÷àñòèö â n, ïðè÷åì ÷àñòèöû ìîãóò òîëüêî
îáìåíèâàòüñÿ èìïóëüñàìè.

Òåïåðü ñäåëàåì âàæíîå
Ïðåäïîëîæåíèå ôàêòîðèçîâàííîãî ðàññåÿíèÿ. Àìïëèòóäà ðàññåÿíèÿ n ÷àñòèö â n ðàñ-

ïàäàåòñÿ â ïðîèçâåäåíèå âñåõ ïîïàðíûõ àìïëèòóä ðàññåÿíèé â ëþáîì ïîðÿäêå ñ ñóììèðîâàíèåì

ïî âíóòðåííèì ñîñòîÿíèÿì ïðîìåæóòî÷íûõ ÷àñòèö.

Ãðàôè÷åñêè ýòî ïðåäïîëîæåíèå ìîæíî èçîáðàçèòü òàê:
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(11)

Â ïðèíöèïå, ãèïîòåçó ôàêòîðèçîâàííîãî ðàññåÿíèÿ ìîæíî ïðîâåðÿòü â äèàãðàììíîé òåõíèêå ïî-
ðÿäîê çà ïîðÿäêîì ïî 1/N . Ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùèìè êà÷åñòâåííûìè ðàññóæäåíèÿìè.
Ïðåäïîëîæèì, ÷òî èìååòñÿ êîíå÷íûé ðàäèóñ âçàèìîäåéñòâèÿ ÷àñòèö R, çà ïðåäåëàìè êîòîðîãî
âèðòóàëüíûå ÷àñòèöû ïî÷òè íå ðîæäàþòñÿ. Ýòî çíà÷èò, ÷òî åñëè |xi − xj | ≫ R (∀i, j), òî âîëíîâàÿ
ôóíêöèÿ ïî÷òè íå îòëè÷àåòñÿ îò âîëíîâîé ôóíêöèè n ñâîáîäíûõ ÷àñòèö. Áëàãîäàðÿ ñóùåñòâîâàíèþ
I±3 ïàðíîå ðàññåÿíèå ÷àñòèö ìîæíî ñâåñòè ê ïðîõîæäåíèþ ÷àñòèö äðóã ÷åðåç äðóãà ñ èçìåíåíèåì
âíóòðåííèõ ñîñòîÿíèé. Ïîýòîìó ìîæíî âûáðàòü áàçèñ âîëíîâûõ ôóíêöèé áåç âñÿêèõ îòðàæåííûõ
âîëí. Ïóñòü σ, τ � ïåðåñòàíîâêè ÷èñåë 1, . . . , n. Òîãäà ñèñòåìà n áîçîíîâ áóäåò îïèñûâàòüñÿ âîëíî-
âîé ôóíêöèåé

ψα1...αn
p1...pn

(x1, . . . , xn) =
∑

τ

A
ατ1 ...ατn
pτ1 ...pτn

[σ]
n∏

i=1

|ατi⟩σie
ipτi

xσi ïðè xσ1 < . . . < xσn , |xi−xj | ≫ R. (12)

Ïóñòü σ′ îòëè÷àåòñÿ îò σ ïåðåñòàíîâêîé äâóé ýëåìåíòîâ σi è σi+1. Òîãäà

Aα1...αiαi+1...αn
p1...pipi+1...pn

[σ] =
∑

α′
iα

′
i+1

S
αiαi+1

α′
iα

′
i+1

(pi, pi+1)A
α1...α′

i+1α′
i...αn

p1...pi+1pi...pn [σ′]. (13)

Ïóñòü òåïåðü ïåðåñòàíîâêà σ′ îòëè÷àåòñÿ îò σ ïîðÿäêîì òðåõ ïîñëåäîâàòåëüíûõ ýëåìåíòîâ, íà-
ïðèìåð, σ1, σ2, σ3 → σ3, σ2, σ1. Ïåðåõîä îò σ = σ123 ê σ′ = σ321 ìîæíî âûïîëíèòü äâóìÿ ñïîñîáàìè:

σ213 → σ231

↗ ↘
σ123 σ321.

↘ ↗
σ132 → σ312

Ïåðâûé ñïîñîá ïðèâîäèò ê ñîîòíîøåíèþ

Ap1p2p3...
α1α2α3...[σ] =

∑
γ1,γ2,γ3

Sα1α2
γ1γ2

(p1, p2)S
γ1α3
β1γ3

(p1, p3)S
γ2γ3
β2β3

(p2, p3)A
p3p2p1...
β3β2β1...[σ

′]. (14)

Ïðîùå ýòî çàïèñàòü â ìàòðè÷íîì âèäå

Ap1p2p3...
123... [σ] = S12(p1, p2)S13(p1, p3)S23(p2, p3)A

p3p2p1...
321... [σ′],

3



ãäå èíäåêñû 1, 2, 3 óêàçûâàþò íîìåð ïðîñòðàíñòâà, íà êîòîðîå äåéñòâóþò ìàòðèöû èëè â êîòîðîì
æèâóò âåêòîðû. Åùå óäîáíåé ýòî èçîáðàçèòü ãðàôè÷åñêè

∑
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Âòîðîé ñïîñîá ïðèâîäèò äðóãîìó ñîîòíîøåíèþ

Ap1p2p3...
α1α2α3...[σ] =

∑
γ1,γ2,γ3

Sα2α3
γ2γ3

(p2, p3)S
α1γ3
γ1β3

(p1, p3)S
γ1γ2
β1β2

(p1, p2)A
p3p2p1...
β3β2β1...[σ

′], (15)

èëè ïðîùå
Ap1p2p3...

123... [σ] = S23(p2, p3)S13(p1, p3)S12(p1, p2)A
p3p2p1...
321... [σ′],

èëè ãðàôè÷åñêè
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Óñëîâèå òîãî, ÷òî (14) è (15) ïðèâîäÿò ê îäèíàêîâîìó ñîîòíîøåíèþ, íàçûâàåòñÿ óðàâíåíèåì ßíãà�

Áàêñòåðà è çàïèñûâàåòñÿ â âèäå∑
γ1,γ2,γ3

Sα1α2
γ1γ2

(p1, p2)S
γ1α3
β1γ3

(p1, p3)S
γ2γ3
β2β3

(p2, p3) =
∑

γ1,γ2,γ3

Sα2α3
γ2γ3

(p2, p3)S
α1γ3
γ1β3

(p1, p3)S
γ1γ2
β1β2

(p1, p2), (16)

èëè áîëåå êðàòêî

S12(p1, p2)S13(p1, p3)S23(p2, p3) = S23(p2, p3)S13(p1, p3)S12(p1, p2), (17)
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...........
...........
...........
...........
...........
...........
...........
...........
...........
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.........
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...........
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........
........................

p3 p2 p1

β2

α2

β3

α1
α3

β1

(18)

Äâà ãðàôèêà íà (18) îòëè÷àþòñÿ ïîëîæåíèåì îäíîé èç ëèíèé (íàïðèìåð, âòîðîé). Â ïåðâîì ãðà-
ôèêå îíà ñëåâà îò âåðøèíû, ãäå ïåðåñåêàþòñÿ ïåðâàÿ è òðåòüÿ ÷àñòèöû, à âî âòîðîì � ñïðàâà.
Èíûìè ñëîâàìè, óðàâíåíèå ßíãà�Áàêñòåðà âûðàæàåò óñëîâèå òîãî, ÷òî ëèíèè â (11) ìîæíî êàê
óãîäíî ñìåùàòü, ïðîíîñÿ ÷åðåç âåðøèíû. Èíûìè ñëîâàìè, íåâàæíî, â êàêîì ïîðÿäêå ìû áóäåì
ðàññìàòðèâàòü ïîïàðíûå ðàññåÿíèÿ ÷àñòèö: â ëþáîì ñëó÷àå ìû ïîëó÷èì îäèí è òîò æå îòâåò.

Âòîðîå óñëîâèå íà S-ìàòðèöó áîëåå ýëåìåíòàðíî. Âåðíåìñÿ ê ñîîòíîøåíèþ (13). Ïîíÿòíî, ÷òî
åñëè ìû äâàæäû ïåðåñòàâèì äâà ïîñëåäîâàòåëüíûõ èíäåêñà â A[σ], ò. å. ïðîèçâåäåì ïðåîáðàçîâàíèÿ

σ12 → σ21 → σ12,

òî ìû äîëæíû ïîëó÷èòü òîæäåñòâåííîå ïðåîáðàçîâàíèå. Îòñþäà ñëåäóåò óñëîâèå óíèòàðíîñòè

Sα1α2
γ1γ2

(p1, p2)S
γ2γ1
β2β1

(p2, p1) = δα1
β1

δα2
β2

, (19)
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èëè
S12(p1, p2)S21(p2, p1) = 1, (20)

èëè

................
........................ ................................................................................................................................................................................................................................

........................................
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.............
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.................

α1 α2

β1 β2

=

........
........
........................ ........

........
........................

α1 α2

β1 β2

(21)

Ïîñëåäíåå óñëîâèå êðîññèíã-èíâàðèàíòíîñòè âåðíî òîëüêî â ðåëÿòèâèñòñêîé òåîðèè. Åãî åñòå-
ñòâåííî ñðàçó çàïèñàòü ãðàôè÷åñêè:
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α1 α2

β1
β2

=
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...........
...........
...........
...........
...........
........
.........
.........
......................

.......................................................................................................................................................
.............................

.........
..

p2

ᾱ1 α2

β̄1
β2

−p1

(22)

Çäåñü èìïóëüñû p1 è p2 ïîíèìàþòñÿ êàê ïðîñòðàíñòâåííî-âðåìåííûå èìïóëüñû, ÷åðòà íàä èíäåêñîì
âíóòðåííåãî ñîñòîÿíèÿ ÷àñòèöû èçîáðàæàåò àíòè÷àñòèöó. Ôîðìóëüíî ýòî çàïèñûâàåòñÿ òàê

Sα1α2
β1β2

(p1, p2) = Sα2β̄1
β2ᾱ1

(p2,−p1). (23)

Åñëè âûðàçèòü èìïóëüñû ÷åðåç áûñòðîòû, ïîëó÷èì:
1. Óðàâíåíèå ßíãà�Áàêñòåðà

S12(θ1 − θ2)S13(θ1 − θ3)S23(θ2 − θ3) = S23(θ2 − θ3)S13(θ1 − θ3)S12(θ1 − θ2) (24)

2. Óíèòàðíîñòü

S12(θ)S21(−θ) = 1 (25)

3. Êðîññèíã-ñèììåòðèÿ

Sα1α2
β1β2

(θ) = Sα2β̄1
β2ᾱ1

(iπ − θ) (26)

Óñëîâèÿ áóòñòðàïà (24�26) ÷ðåçâû÷àéíî îãðàíè÷èòåëüíû. Âìåñòå ñ ñèììåòðèåé ìîäåëè è óñëî-
âèÿìè àíàëèòè÷íîñòè îíè ïîçâîëÿþò íàéòè òî÷íîå âûðàæåíèå äëÿ S-ìàòðèöû. Ðàññìîòðèì óñëî-
âèÿ àíàëèòè÷íîñòè. S-ìàòðèöà ÿâëÿåòñÿ ìåðîìîðôíîé ôóíêöèåé θ. Ôèçè÷åñêîìó ëèñòó îòâå÷àåò
îáëàñòü

0 ≤ Im θ < π, (27)

ïðè÷åì òî÷êà θ = iπ îòâå÷àåò òî÷êå âåòâëåíèÿ s = (m1 − m2)2 ïî ïåðåìåííîé

s = m2
1 + m2

2 + 2m1m2 ch θ,

à òî÷êå θ = 0 îòâå÷àåò òî÷êà s = (m1 + m2)2. Ëèíèè Im θ = π îòâå÷àåò â ïëîñêîñòè s ëåâûé ðàçðåç
(−∞, (m1 − m2)2], à ëèíèè Im θ = 0 � ïðàâûé ðàçðåç [(m1 + m2)2,∞).

Íà ìíèìîé îñè S-ìàòðèöà âåùåñòâåííà:

S(iu) ∈ R ïðè u ∈ R, (28)

ïðè÷åì âñå ïîëþñû S-ìàòðèöû íà ôèçè÷åñêîì ëèñòå íàõîäÿòñÿ íà ìíèìîé îñè. ×àñòè ýòèõ ïîëþñîâ
îòâå÷àþò ñâÿçàííûå ñîñòîÿíèÿ, îäíàêî ÷òîáû óñòàíîâèòü, îòâå÷àåò ëè äàííûé ïîëþñ ñâÿçàííîìó
ñîñòîÿíèþ, îáû÷íî òðåáóåòñÿ äîïîëíèòåëüíîå èññëåäîâàíèå.

Äàâàéòå ðåøèì óðàâíåíèå ßíãà�Áàêñòåðà äëÿ O(N)-ñèììåòðè÷íîé (N ≥ 3) S-ìàòðèöû N × N
âèäà [1]

Si′j′

ij (θ) = δi′j′δijS1(θ) + δi′iδj′jS2(θ) + δj′iδi′jS3(θ). (29)
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Óðàâíåíèå ßíãà�Áàêñòåðà äëÿ íåå ïðèîáðåòàåò âèä

S2(θ)S3(θ + θ′)S3(θ′) + S3(θ)S3(θ + θ′)S2(θ′) = S3(θ)S2(θ + θ′)S3(θ′), (30)

S2(θ)S1(θ + θ′)S1(θ′) + S3(θ)S2(θ + θ′)S1(θ′) = S3(θ)S1(θ + θ′)S2(θ′), (31)

NS1(θ)S3(θ + θ′)S1(θ′) + S1(θ)S3(θ + θ′)S2(θ′) + S1(θ)S3(θ + θ′)S3(θ′) + S1(θ)S2(θ + θ′)S1(θ′)
+ S2(θ)S3(θ + θ′)S1(θ′) + S3(θ)S3(θ + θ′)S1(θ′) + S1(θ)S1(θ + θ′)S1(θ′) = S3(θ)S1(θ + θ′)S3(θ′).

(32)

×òîáû ðåøèòü ýòó ñèñòåìó, ââåäåì îáîçíà÷åíèå h(θ) = S2(θ)/S3(θ). Ïåðâîå óðàâíåíèå ïðèíèìàåò
âèä

h(θ) + h(θ′) = h(θ + θ′).

Ñëåäîâàòåëüíî h(θ) ∼ θ è

S3(θ) = −i
λ

θ
S2(θ). (33)

Ïóñòü òåïåðü g(θ) = S2(θ)/S1(θ). Ïîäñòàâëÿÿ (33) â (31), ïîëó÷àåì

g(θ + θ′) − g(θ′) =
θ

iλ
.

Ýòî óðàâíåíèå èìååò ðåøåíèå

g(θ) =
θ − iκ

iλ
.

Ïîäñòàâëÿÿ ýòî â (32), ïîëó÷èì

κ = i
N − 2

2
λ.

Ýòî çíà÷èò, ÷òî

S1(θ) = − iλ

i(N − 2)λ/2 − θ
S2(θ). (34)

Ýòî ñàìîå îáùåå ðåøåíèå óðàâíåíèÿ ßíãà�Áàêñòåðà, çàâèñÿùåå îò ïðîèçâîëüíîé ôóíêöèè S2(θ) è
ïðîèçâîëüíîãî ïàðàìåòðà λ. Âîñïîëüçóåìñÿ òåïåðü óñëîâèÿìè êðîññèíã-èíâàðèàíòíîñòè è óíèòàð-
íîñòè, ÷òîáû çàôèêñèðîâàòü S2 è λ.

Óñëîâèå êðîññèíã-ñèììåòðèè èìååò âèä

S2(θ) = S2(iπ − θ), (35)

S1(θ) = S3(iπ − θ). (36)

Ïîäñòàâëÿÿ ñþäà (33) è (34), ïîëó÷àåì

λ =
2π

N − 2
. (37)

Óñëîâèå óíèòàðíîñòè

S2(θ)S2(−θ) + S3(θ)S3(−θ) = 1, (38)

S2(θ)S3(−θ) + S3(θ)S2(−θ) = 0, (39)

NS1(θ)S1(−θ) + S1(θ)S2(−θ) + S1(θ)S3(−θ)
+ S2(θ)S1(−θ) + S3(θ)S1(−θ) = 0 (40)

óäîâëåòâîðÿåòñÿ, åñëè

S2(θ)S2(−θ) =
θ2

θ2 + λ2
. (41)

Òåïåðü íàì íàäî ðåøèòü ñîâìåñòíî óðàâíåíèÿ (35) è (41). Ïîíÿòíî, ÷òî ðåøåíèå ýòèõ óðàâíåíèé
íåîäíîçíà÷íî. Ðåøåíèå ïåðåõîäèò â ðåøåíèå, åñëè äîìíîæèòü åãî íà ôóíêöèþ

sh θ + i sinα

sh θ − i sinα
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ñ ïðîèçâîëüíûì α. Ìû áóäåì èñêàòü ¾ìèíèìàëüíîå¿ ðåøåíèå, òî åñòü òàêîå ðåøåíèå, êîòîðîå áóäåò
èìåòü íàèìåíüøåå êîëè÷åñòâî íóëåé è ïîëþñîâ íà ôèçè÷åñêîì ëèñòå.

Èç (41) çàêëþ÷àåì, ÷òî S2(θ) èìååò ïðîñòîé íóëü â òî÷êå θ = 0. Èç êðîññèíã-ñèììåòðèè (35)
íåìåäëåííî çàêëþ÷àåì, ÷òî ïðîñòîé íóëü èìååòñÿ òàêæå â òî÷êå θ = iπ. Èç óíèòàðíîñòè íàõîäèì,
÷òî â òî÷êå θ = −iπ èìååòñÿ ïîëþñ. Ïðîäîëæàÿ ïîî÷åðåäíî ïðèìåíÿòü êðîññèíã-ñèììåòðèþ è
óíèòàðíîñòü, íàõîäèì íàáîð ïîëþñîâ è íóëåé ôóíêöèè S2(θ):

Íóëè: θ = −2πin, iπ + 2πin (n = 0, 1, 2, . . .),
Ïîëþñû: θ = −iπ − 2πin, 2πi + 2πin (n = 0, 1, 2, . . .).

(42)

Äðóãîé íàáîð íóëåé è ïîëþñîâ ïîëó÷àåòñÿ ñëåäóþùèì îáðàçîì. Èç (41) ñëåäóåò, ÷òî S2 äîëæíà

èìåòü ïîëþñ â îäíîé èç òî÷åê θ = ∓λ. Äàâàéòå îáîçíà÷àòü ðåøåíèÿ ñ òàêèìè ïîëþñàìè S
(±)
2 (θ).

Ðàññóæäàÿ êàê è ðàíüøå, ïîëó÷èì äëÿ S
(±)
2 (θ)

Íóëè: θ = ∓iλ − 2πin,±iλ + iπ + 2πin (n = 0, 1, 2, . . .),
Ïîëþñû: θ = ∓iλ − iπ − 2πin,±iλ + 2πi + 2πin (n = 0, 1, 2, . . .).

(43)

Ñîáèðàÿ (42), (43), ïîëó÷èì

S
(±)
2 (θ) = Q(±)(θ)Q(±)(iπ − θ), Q(±)(θ) =

Γ
(
± λ

2π − i θ
2π

)
Γ

(
1
2 − i θ

2π

)
Γ

(
1
2 ± λ

2π − i θ
2π

)
Γ

(
−i θ

2π

) . (44)

Ðàñêëàäûâàÿ S-ìàòðèöó (33), (34), (44) ñ ó÷åòîì (37) ïî 1/N , ïîëó÷àåì

S
(±)
1 (θ) = − 2πi

N(iπ − θ)
, (45)

S
(±)
2 (θ) = 1 ∓ 2πi

N sh θ
, (46)

S
(±)
3 (θ) = −2πi

Nθ
. (47)

Ýòî ïîçâîëÿåò îòîæäåñòâèòü S(+)(θ) ñ S-ìàòðèöåé O(N)-ìîäåëè, à S(−)(θ) ñ S-ìàòðèöåé N -êîìïî-
íåíòíîé ìîäåëè Íåâ¼�Øâàðöà. Çàìåòèì, ÷òî

S
(±)
12 (0) = −P12, (48)

ãäå P12 : a × b 7→ b × a � îïåðàòîð ïåðåñòàíîâêè ïðîñòðàíñòâ 1 è 2. Ýòî îçíà÷àåò, ÷òî äëÿ ÷àñòèö
äåéñòâóåò ïðèíöèï Ïàóëè, õîòÿ ìû è ñ÷èòàëè ÷àñòèöû áîçîíàìè.

Íà ñàìîì äåëå â äâóìåðíîì ïðîñòðàíñòâå-âðåìåíè íåëüçÿ ñêàçàòü, ÿâëÿåòñÿ ëè ÷àñòèöà áîçîíîì
èëè ôåðìèîíîì. Åñëè ãîâîðèòü î ñïèíå, òî ìû çíàåì, ÷òî òàêîå ñïèí îïåðàòîðà, íî íå çíàåì, ÷òî
òàêîå ñïèí ñîñòîÿíèÿ, òàê êàê â îäíîìåðíîì ïðîñòðàíñòâå íåò âðàùåíèé. Êðîìå òîãî, â îäíîì
ïðîñòðàíñòâåííîì èçìåðåíèè åñòü ñïîñîá ïîñòðîåíèÿ àëãåáðû Êëèôôîðäà (ôåðìèîííîé àëãåáðû)
ïî àëãåáðå Ãàéçåíáåðãà (áîçîííîé àëãåáðå) è íàîáîðîò [2]. Ýòî ïðåîáðàçîâàíèå óâàæàåò ïîíÿòèå
÷àñòèöû, íî ìåíÿåò õàðàêòåð âçàèìîäåéñòâèÿ. Èìåííî, ìàòðèöà ðàññåÿíèÿ ÷àñòèö êàê ôåðìèîíîâ
îòëè÷àåòñÿ îò ìàòðèöû ðàññåÿíèÿ òåõ æå ÷àñòèö êàê áîçîíîâ çíàêîì.
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Çàäà÷è

1. Ïîëó÷èòå óðàâíåíèå (5).
2. Âûâåäèòå (13).
3. Âûâåäèòå (45�47).
4. Ïîêàæèòå, ÷òî èç (48) ñëåäóåò ïðèíöèï Ïàóëè äëÿ áîçîííûõ ÷àñòèö.
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5. Ïîêàæèòå, ÷òî ìàòðèöà 4 × 4 âèäà

S(θ) =
(
Sα1α2

β1β2
(θ)

)
=


a(θ)

b(θ) c(θ)
c(θ) b(θ)

a(θ)


(èíäåêñû α1α2 óïîðÿäî÷åíû êàê ++, +−,−+,−−) óäîâëåòâîðÿåò óðàâíåíèþ ßíãà�Áàêñòåðà ïðè

b(θ)
a(θ)

=
sh θ

p

sh iπ−θ
p

,
c(θ)
a(θ)

=
sh iπ

p

sh iπ−θ
p

ïðè ïðîèçâîëüíîì p.
Òàêàÿ S-ìàòðèöà ïðåäñòàâëÿåò ñîáîé S-ìàòðèöó ðàññåÿíèÿ ñîëèòîíîâ â ìîäåëè ñèíóñ-Ãîðäîíà

ñ β2 = 2 p
p+1 ïðè ïîäõîäÿùåì a(θ), òàêîì ÷òî a(0) = −1. Ïîêàæèòå, ÷òî a(θ) äîëæíî óäîâëåòâîðÿòü

óñëîâèÿì

a(θ) =
sh iπ−θ

p

sh θ
p

a(iπ − θ), a(θ)a(−θ) = 1.

Íàéäèòå âñå ïîëþñû è íóëè ýòîé ôóíêöèè ïðè p > 1 ïðè óñëîâèè, ÷òî îíà íå èìååò îñîáåííîñòåé
íà ôèçè÷åñêîì ëèñòå.
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