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Korteweg-de Vries Equation (1895) 
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Discovered  
for water waves, 
KdV equation  
describes weakly 
nonlinear and  
weakly dispersive 
waves in many 
physical systems  

Canonical form for unidirectional propagation 
in reference system x – c t 



Modified Korteweg-de Vries Equation 
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 - is well-known in nonlinear mathematics (fully integrable model), 

 - less in nonlinear physics 

Pelinovskii E.N., and Sokolov V.V. Nonlinear theory for the propagation of electromagnetic 
waves in size-quantized films. Radiophysics and Quantum Electronics, 1976, vol. 19, N. 4, 378 
-382. 

T.L. Perelman, A.Kh. Fridman, M.M. Yelyashevich, Modified KdV equation in electro-
dynamics. Sov. Phys. JETP , 1974, vol. 39, 643-646. 



KdV Equation for waves in 2-layer flow 
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mKdV Equation for waves in 2-layer flow 
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mKdV Equation for waves in 3-layer flow 
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Grimshaw, R., Pelinovsky, E., and Talipova, T. The modified Korteweg - de Vries equation 
in the theory of large-amplitude internal waves. Nonlinear Processes in Geophysics, 1997, 
vol. 4, N. 4, 237 - 350 



5th KdV Equation for waves in 3-layer flow 
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Kurkina O. E., Kurkin A.A., Ruvinshaya E.A., Pelinovsky E.N., Soomere T. Dynamics of solitons 
in a nonintegrable version of the modified Korteweg – de Vries equation. JETP Letters, 2012, 
vol. 95, No. 2, 91-95. 

Kurkina O.E., Kurkin A.A., Soomere, T. Pelinovsky E.N., Ruvinskaya E.A. Higher-order (2+4) 
Korteweg-de Vries - like equation for interfacial waves in a symmetric three-layer fluid. Physics 
Fluids. 2011, vol. 23, 116602.  



Euler Equations 

0=
∂
∂

+
x
p

dt
duρ

0=+
∂
∂

+ g
z
p

dt
dw ρρ

0=
dt
dρ

0=Vdiv
 w=0 for z=-H 

p=0 for ),( txz η=
x

u
t

w
∂
∂

+
∂
∂

=
ηη

Boundary conditions 

General Scheme for KdV-like equations for stratified flow 



 Lagrange coordinate: 
 
 

 Asymptotic series: 
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Poloukhina O., 2002: 
Nonlinear Processes 
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Inhomogeneous Eigenvalue Problems 
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Vertical displacement: 
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COEFFICIENTS 
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MODAL STRUCTURE 
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Nonlinear Correction to Mode Structure 
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GARDNER EQUATION 
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Cubic nonlinear coefficient for stratified  
water may be both signs 



Linear Long Internal Wave Speed, c 

Grimshaw, R., Pelinovsky, E., and Talipova, T. Modeling internal solitary waves in the coastal 
ocean. Survey in Geophysics, 2007, vol. 28, No. 4, 273-298 



Dispersion Coefficient 



Quadratic Nonlinear Term 

Varied Sign! 



Cubic Nonlinear Term 
Varied Sign! 



Limited amplitude  
alim = -α/ α1  

α1 < 0 

α1 > 0 

sign of α1  Gardner’s Solitons 
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Two branches of solitons of both polarities,  
algebraic soliton alim = -2 α/ α1  
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Sign of the cubic term is principal! 

Positive and Negative Solitons 
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N – Soliton Solutions  

Cauchy Problem (α1 < 0) 



N – Solitons and Cauchy Problem  
positive cubic term 

Grimshaw, R., Slunyaev, A., and Pelinovsky, E. Generation of solitons and breathers in the 
extended Korteweg-de Vries equation with positive cubic nonlinearity, Chaos, 2010, vol. 20, 
013102 



Again High-Order KdV Equation for stratified flow  

0)(
2

2

=
−

+∆ ηηη
c
zN

For steady-state waves moved with constant speed, c  
the Euler equations can be reduced to 2D 
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If N = const, a wave of any amplitude is linear! 
If stratification is weak [ ])(1)( 2

0
2 zPNzN mε+=

P is polynomial, all terms are the same order  

0)(2

2

=+− ηηη
mPc

dx
d

As a result 

Multi-humped solitary waves 

M. Dunphy, C. Subich, and M. Stastna. Spectral methods for internal waves: indistinguishable 
density profiles and double-humped solitary waves. Nonlinear Processes in Geophysics, 2011, 
vol. 18, 351–358 

Derzho O. Multi-scaled solitary waves. Nonlinear Processes in Geophysics, 2017, Discussion 



Elastic Waves in Bimodular Media 
σ – stress  
ε - deformation 
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Rudenko O.V. Modular solitons, Doklady Mathematics, 2016, vol. 94, 708-711 

Nazarov V., Kiashko S., Radostin A.  Wave processes in bimodular media. Radiophysics and  
Quantum Electronics, 2016, vol. 59, 275-285 

different response to tensile and compressive stresses 





Plasma Waves and KdV-like equations 

0||
2
5

3

32/3

=++
x
u

x
u

t
u

∂
∂

∂
∂

∂
∂

Schamel, H. A modified Korteweg-de Vries equation for ion acoustic waves due  
to resonant electrons. J. Plasma Phys. 9, 377–387 (1973) 

Schamel Equation 
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Ruderman M.S., Talipova T., Pelinovsky, E. Dynamics of modulationally unstable ion-acoustic 
wave packets in plasmas with negative ions. J. Plasma Physics, 2008, vol. 74, No. 5, 639-656 

S.A. El-Tantawy, E.I. El-Awady, R. Schlickeiser. Freak waves in a plasma having Cairns 
particles. Astrophys Space Sci 2015, vol. 360, 49. 

S.A. El-Tantawy. Rogue waves in electronegative space plasmas: The link between the family 
of the KdV equations and the nonlinear Schrödinger equation. Astrophys Space Sci, 2016, 
vol. 361. 164 



Logarithmic KdV equation 
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Granular chains with Hertzian interaction forces 

Gaussian soliton 
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R. Carles and D. Pelinovsky. On the orbital stability of Gaussian solitary waves in the log-
KdV equation, Nonlinearity, 2014, vol. 27, 3185 -3202. 

E. Dumas and D.E. Pelinovsky. Justification of the log-KdV equation in granular chains: 
the case of precompression, SIAM J. Math. Anal., 2014, vol. 46, 4075 -4103. 

G. James and D. Pelinovsky. Gaussian solitary waves and compactons in Fermi-Pasta-Ulam 
lattices with Hertzian potentials, Proc. Roy. Soc. A, 2014, vol. 470, 20130465. 



Summary of “physical” KdV-like models 
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Gaussian solitons 

Multi-humped solitary waves 



But Instabilities……. 
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m < 2 (m > 2) M increases (decreases) with amplitude, c 

m= 2 (mKdV) M does not depend from c 



But Instabilities……. 
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m < 4 (m > 4) E increases (decreases) with amplitude, c 

m= 4  M does not depend from c 

Solitons in critical and supercritical cases are unstable and blow-up 
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Modulational Instability of weakly nonlinear group 
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KdV weakly nonlinear group 
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Sign “minus” for any sign of nonlinearity 

Any sign of nonlinearity 

V.E. Zakharov, E.A. Kuznetsov, Multi-scale expansions in the theory of systems integrable 
by the inverse scattering transform, Physica D, 1986, vol. 18, 455–463. 

Happy Birthday, Eugene! 

KdV groups are stable! 



Frontiers in Nonlinear Physics, Volga River, 2004 



mKdV weakly nonlinear group 
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mKdV groups are unstable if α1 > 0 

Grimshaw R., Pelinovsky E., Talipova, T., Ruderman M. 
and Erdelyi R. Short-lived large-amplitude pulses in the 
nonlinear long-wave model described by the modified 
Korteweg–de Vries equation. Studied Applied 
Mathematics, 2005, vol. 114, No. 2, 189-210 



Gardner weakly nonlinear group 
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Rogue Waves in KdV-like systems due to modulational  
instability, soliton focusing and dispersive focusing 



High-order KdV weakly nonlinear group 
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Envelope Soliton 
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Summary of “physical” KdV-like models 
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