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1. INTRODUCTION

We consider a trapped quasi-2D Bose-Einstein condensate in the Thomas-Fermi regime, with a spa-

tially nonuniform equilibrium 2D density profile p(x), and use hydrodynamic “anelastic” approximation

to study slow dynamics of quantum “point” vortices, each with circulation I' = 27A /M atom:

OH OH
lonp(x,)t, = a—yn, —To,p(xp)Un = o o, = *1.
Stream function (flux potential) for the divergence-free field pV:
pvx = ywv p‘/y — _8x¢
Vorticity:
0,vy — Oyv, = —Vx - Vx(x) FZ 00 (X — Xp,).

p()

Green's function:

1
—Vi- EVXG@(’ Xg) = 270 (x — Xg).

The Hamiltonian (if the density does not vanish anywhere):

1 ( 5 [2 /
H == Ywdx = Z F(x,) + Tn0mG (X, X ).

m,n

F(x,) = G(xp, %0+ €€(xa)),  &(x) = &lpo/p(x)]'?, A =log(R./&) > 1.

(1)



The problem is to calculate Green's function. Substitution G(x,xg) = +/p(x)p(X0)g(x,xg) gives
equation
[~ V2 + 5(x)]g(x,Xg) = 2m(x — xp), (7)

with the coefficient

2(x) = ﬁv%. 5

Only few explicit solutions are known so far. In particular, if #%(x) = const = x?, then

Pr = [/0 7TC(gp) exp(KT cos  + Ky sin go);i—: _2, (9)
Gr(x1,%2) = v/ pi(x1) pi(x2) Ko(K[x1 — %), (10)

where Kj(...) is the corresponding modified Bessel function. In addition to this class of density
profiles, the exact Green's function was found for the linear dependence (p = =z at x > 0 [J. R.
Anglin, Phys. Rev. A 65, 063611 (2002)]) and for the Gaussian density profile [V.R., JETP 124(6),
(2017); arXiv:1612.00165v2].



In this work we consider one more, previously unexplored family of the dependences p(x) for which
the Green's function can be found exactly. In particular, in a certain region of parameters, it is a
condensate forming an inhomogeneous planar disk with a hole (i.e., a ring). Since the density in this
case vanishes not only at infinity, there is an opportunity of placing a few circulation quanta at each
finite zero point and studying in detail their influence on the vortex motion.

In addition, the theory will be generalized to the case of a quasi-2D Bose-Einstein condensate which
is not flat but is situated on a curved surface in the 3D space (for example, on a sphere, ellipsoid, or
toroid). An analog of this situation in classical hydrodynamics is the motion of vortices in an ocean of
variable depth on a spherical planet. In contrast to well studied dynamics of vortices in a homogeneous
liquid layer on curved surfaces, a self-consistent theory of vortices in an inhomogeneous curved layer
has not yet been developed.



2. MODEL OF A “DOUBLE-HOLE” CONDENSATE

Now we turn to a qualitatively more complicated situation than that described by Egs.(9)-(10),
when the condensate density vanishes at two points of the extended plane. To have an example
convenient for analytical and numerical study, we introduce the complex variable z = x + 4y and
consider the following special case of density profiles with two “holes”:

Az @ 11— Bz —2
p<X):4(‘1—Bz +’ Az > ’ (1)

with the parameters &« > 0, A > 0, B > 0. We introduce the curvilinear conformal coordinates

u = (u,v) in the plane x by the analytic function
u+iv=w=1In(Az/[1 — Bz]). (12)

The inverse mapping is specified by the expression z = 1/[Ae™" + B, and the coordinates (u, v) are
located on a cylinder: u € (—o0 : +00), v € [0: 27). The Jacobian of this mapping is

J(u) = |[Ae™"/(Ae™" + B)?". (13)
The density in terms of the new coordinates is given by the formula
p(u) = p(u) = 1/cosh*(au). (14)
The dimensionless equations of motion of vortices in terms of u,, have the form

O-nJ(un>p(un>un — aﬁa/avna —O-nj(un)p(un)@n — a]:[a/aun (15)



The equation for the Green's function in the conformal variables preserves its simple structure:

1
—Vu- Tu)qu(u’ uy) = 276 (u — uy). (16)

It is supplemented by the 2m-periodic boundary conditions with respect to the coordinate v, zero
asymptotics at ©u — +00, and the condition of zero velocity circulation around the point z = 0, which
implies

i 2CWW) _ (17)
The solution is found by substituting
Gl = — Il 19

cosh(au) cosh(aug)

The function g,(u, uy) satisfies the equation with constant coefficients,

[— V2 + 0?ga(u, ug) = 275(u — uy). (19)
The required solution is
1
go(u,ug) = g(u — up, v — vp) + Q—G_Q(UMO), (20)
Q

where the function g(U, V') even in both of its variables is given by the rapidly converging sum

g(U, V) =) Kolan/U?+ (V +2al)2). (21)

[=—00



3. HAMILTONIAN

Composing the Hamiltonian of vortices with the use of the found Green's function, one can take into
account the presence of an arbitrary integer number () of circulation quanta around the point z = 0
by the respective modification of the asymptotic condition for the stream function at © — —oc.
It should also be mentioned that at B # 0 several (|Q|) vortices can be placed near the point
Woo = In(A/B) + im, which corresponds to z = oo. Since the Jacobian J diverges at this point,
equations of motion (15) imply that these vortices will remain immobile at the point (s, 7). This
way, arbitrary (integer) numbers )y and ()1 of circulation quanta around each of two finite zero-
density points zyp = 0 and z; = 1/B can be provided, because the integers )y, Q1 and () satisfy
the relation QQy + Q1 + Qo + Zi:;l o, = 0, where N is the number of mobile vortices. As a result,
the dimensionless Hamiltonian is given by the expression

N Ao+ Inj\/(J(u,)/Jy)/ cosh(au, 1 5o o 2
H{}_QZ +Inf/(J(w,)/Jo)/ cosh( )]+—{Qo+ Q Z( )}

» COShQ(Oéun) (]_ + eZauoo) 1 4+ e2aun
I0pOm g(un_umavn —Uoo, Up— 7T)
+ + 0 22
nzn; 2 cosh(awu,) cosh(au,, © ZU cosh () cosh(atin)’ (22)

where Ay = g(&./4/J(0),0) > 1 is a large logarithm. The applicability of this formula requires that
all numerators in the first sum not be small compared to unity. In the opposite case, the approximation
of a point vortex fails.



Vortex trajectories Vortex trajectories

Figure 1: Examples of the trajectories of a single vortex in the plane for two sets of parameters: (a) A =B =0.5, Qo =1, Q1 = 1,
and (b) A=0.8, B=02,Qy=1, Q; =0.

In all numerical examples presented below, we set Ay = 7.0, « = 2.0, and all vortices have a
positive sign, i.e., 0, = +1.

To see a qualitative difference of this system from systems of type (9), we first briefly consider the
dynamics of a single vortex. The trajectories of the vortex in the plane are the level contours of the
Hamiltonian (22) at N = 1. Two examples of phase portraits with different sets of parameters A, B,

(o, and @) are shown in Fig.1.
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Figure 2: Phase trajectories of two vortices at Qo = 0 and the angular momentum (a) M = 2u(0), (b) M = 2u(0.4).

4. AXISYMMETRIC CASE

If B = 0, the system becomes axisymmetric: the Jacobian J(u) is independent of the angular
coordinate v = ¢, and the vortex Hamiltonian (22) is invariant with respect to a simultaneous shift
of all variables v,,. Therefore, one more integral of motion emerges, the angular momentum

M= S o).l = [ Js)plss 2
n —0o0

The presence of the second conservation law makes the problem of motion of two vortices integrable.

The projections of the phase trajectories of the system of two vortices on the (¢ — ¢1,u1) plane at

a constant M value are exemplified in Fig.2 (without loss of generality, we put A =1 as B = 0).
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Figure 3: Examples of steadily rotating configurations of N = 24 vortices at )y = 12 and the angular velocities a) 2 = 15, b) Q = 20,

c) = 50.

In addition, “rigid” rotating configurations of N vortices corresponding to the local minima of the

function ﬁéN} + QM , where () is the angular velocity of rotation, become possible at the axial

symmetry. The examples are shown in Fig.3. As is seen, the vortices are not always situated near

concentric circles at equilibrium. It should also be mentioned that, with an increase in the rotation

rate, the vortices leave the maximum-density region and accumulate inside the ring, which agrees

qualitatively with the formation of a giant vortex.
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Figure 4: Chaotic dynamics of five vortices at: a) Qo = 0, b) @y = 12.

The dynamics at N > 3 in a wide range of initial values exhibits the features of chaos. Chaos is
caused by the formation of pretty tight and thus rapidly rotating vortex pairs (of the same sign). The
very fact of the formation of a pair, its lifetime, size, rotation phase, and other characteristics appear
to be almost unpredictable owing to the interaction with other vortices. Two numerical examples of
the behavior of five vortices are presented in Fig.4.



5. VORTICES ON A CURVED SURFACE

One can imagine the situation where a 3D trap potential forms a narrow curved “canyon”, so
that the Bose-Einstein condensate at equilibrium is not (inhomogeneously) planar, as was assumed
so far, but forms a relatively narrow shell near some curved surface in the 3D space. An interesting
generalization of the above theory is the description of the dynamics of quantum vortices in such
systems if the variables u and v are regarded as the conformal coordinates on the curved surface
r = S(u,v). Itis easily verified that the equations of motion (15) for u,, and v,, preserve its structure
and so does the Hamiltonian (22) (with a possible restriction of ), = 0, depending on the type of
the surface). An essential difference is that the function J(u) is now not the squared absolute value
of an analytic function 2’(w) but a quite arbitrary conformal factor. In other words, the metric of the
surface is

(dS)? = J(u)(du® + dv?). (24)

We consider as an example a unit sphere whose stereographic projection on the plane is determined

by the formula
z+c=tan(©/2)e', (25)

where © is the polar angle on the sphere, ® is the azimuthal angle, and c is an arbitrary complex
constant. The conformal factor in terms of the variables x is

J(x)=4/(1+ |z + iy + c|*)* (26)

It is worth mentioning that exactly this factor must be added to the left-hand sides of Eqgs. (1) if one



chooses the variables x and y for the description of the vortex dynamics on a sphere. Accordingly, the
logarithmically diverging terms in the Hamiltonian must be regularized with the use of J(x).
The conformal factor in terms of u is the product J(x(u)) - |2'(w)]?,

B 4A2€—2u

{|Ae=* + B|?2 + |c(Ae v + B) + 12}%
Since this expression is finite everywhere, all vortices on the sphere at finite u values are mobile, and
hence () = 0 should be put in Hamiltonian (22).

Formula (27) is greatly simplified at B = 0 and ¢ = 0, i.e., in the presence of the axial symmetry:

J(u) = 1/cosh®(u — teq), With u = u, corresponding to the equator. As in the planar case, the
axial symmetry implies the conservation of momentum.

which yields in our case

J(u)

(27)

It is interesting that, even in the case of ueq = 0, where the 2D density profile is symmetric with
respect to the equatorial plane, the Hamiltonian of an odd number of vortices still is not symmetric
with respect to the inversion u,, — —u,,, since the velocity circulation quanta around the poles cannot
be equal to each other owing to the condition Qxortn + Qsouth + Y, on = 0.



6. SUMMARY

To summarize, a new, relatively simple, mathematically convenient, and rather rich model has been
proposed which allows advancing in the understanding of the mechanics of vortices in spatially inho-
mogeneous 2D systems. A number of numerical examples have been presented. Many other situations
approximately corresponding to various actual experiments can be studied by varying the parameters
of the model. In particular, nonlinear oscillations of many vortices near steady configurations and the
dynamics of oppositely oriented vortices remained beyond the scope of this work.

Seemingly, many qualitative properties of the model Green's function found in this work persist for
a wider class of the dependences p(u), when o # const in Eq.(19). This question requires a separate
investigation.
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