Grinevich Petr Georgievich

Lecture notes

Conformal geometry and Riemann surfaces

Lecture notes were prepared by the student of the mathematics and
mechanics faculty
Raev Aleksey Alekseevich



Lecture 12

Action of vector fields at the fermionic Dirac space.
The Virasoro algebra as central extension of the Witt algebra

Assume that we have a compact Riemann surface I' with a marked point F,, local
parameter z near Py, z(FPy) = 0 and the contour ~: |z| = 1 surrounding F.

Consider the following basis of j- tensors near ~
Jn = Zn(d'z)j
and the Witt algebra of vector fields on v

v, = 2",

with the commutators

[Ukavl] _ ( k—i—laz) i (Zl+laz) . (zl—l—laz) i (Zk—l—laZ) _
Zk+l+282 (l + 1)Zk+l+1az . Zk+l+28§ + (lf + 1)Zk’+l+laz — (1)
( ) k+l+1az — (l o k)vk+l~

Denote by I, k € Z the Lie derivative of the basic tensors with respect to the vector
field vy:

lkfn - kafna
therefore
lefo = (n+j(k+1)) frtn (2)

Lemma 1. Operators 1, form the Witt algebra with the commutation relations:

[lp7 lq] = (q - p)lerq? b, q € L (3)

Proof.

Loy L) fro = Lplgfr = lglp fro = Ly(n + (g + 1)) frrg — lg(n + (0 + 1)) fagp =
=(m+q+jlp+1)n+ja+1)fospra = (n+p+ g+ 1))+ j(p+ 1) frsprg =

= [+ ng + jnlg+1] + jglg + 1) +W4\1M—
— % —np — \@H\Z—Jmﬂrl Jnlg+T) — PP EL)] foiprg =

= [nlg—p)+j(@ —p*+q— p)}fn+p+q (g—p)[n+il@+p+D)] faspra = (@ — D)lgrpfn.
0

The action can be naturally extended to finite wedge products of the basic elements
using the Leibniz formula:

lk(wl A w2> = (lkwl) A Wy + Wy N (lkWQ). (4)
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Lemma 2. Eztension of the action (2) to finite wedge products respects the commutation
relations.

Ly (lq(w1 A Wz)) —1, (zp(w1 A wQ)) _

L (Lgwr) Aws 4wy A (Lgwa)) — Lo ((lpwr) A ws +wi A (Lws)) =

(Uplqwr) N w2 + (Lpwi)Atw2) + [RT)Atlgws) + wi A (lplgwz)—
— (lylpwr) A woy — (o) Adyws) — (LawiyAttws) + wi A (Llgws) =
(
(

l lqwl) N wg +wi A (l l U.)Q) (l lpwl) Nwy —wi A (lqlpo.}g) =
Up, ) ]wl) A wo + wi A ([lp, l ]UJQ) [lp, lq] (U)l N WQ).

Proof.

Let us recall that the wedge product is skew-symmetric

FiNJe=—=fx NI
In particular, if a form contains the same multiplier f; more than once, it is equal to
Zero.

The Dirac-type fermionic Fock space is generated by the following “stable” semi-infinite

wedge products:
W= fria ANfra Ao A frg NN >,

where |[N > denotes the semi-infinite wedge product of all basic tensors f with & > N
sorted in the ascending order, w denotes any finite wedge product of monomials.
|N>:fN/\fN+1/\fN+2/\..., w:fjl/\sz/\.../\fjs.

In particular, the vacuum vector |0 > is defined by:

0>=foNfi NfaNfaNfa N f5 A

Lemma 3. The action of I, with p # 0 on the semi-infinite forms is well-defined,
moreover, if p+ q # 0, the commutation relations remain unchanged.

Proof. It is natural to define the action of the [, on the basic elements by:
Ly(wA|N >)=1,(w) AN >4wA ([, NN >),
where
LIN > =1,(fN) AN fnei A fuve A fnas A
+ N AN Upfne) A nse A fvea A
+ v A Allpfnge) A fngs A
+INA N AN A i) A+ =
=(N+i(p+ 1)) fnip A fver A fge A fN+3 Aot
+(N+1+7@+ D)8 A fyaper A fyse A fN+3 Aot
+(N+2+47@+ )N A fNer A fnepra A fnes Ao+
(N +3+jp+ )N A v A v A fnipis Ao+
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We see that for p > 0 all summands in contain repeating multipliers, therefore [,|N >= 0
for all p > 0. If p < 0, he first —p summands in (5) are non-vanishing, and all other
summands are equal to zero, therefore we have finite sums. Again, if we calculate the
commutator [l,,[,], p + ¢ # 0 all sums are finite and the commutator is not affected.

O

The action of [y on the semi-infinite form is not defined, because it contains infinitely
many non-zero terms, therefore it requires a regularization. We shall use the following
one:

lo = %[l_l,ll]. (6)

For finite products this regularization coincides with the original definition. Let us
calculate the commutator on the semi-infinite forms.

Let p > 0. As we pointed out, I,|N >= 0, therefore
[_pl,| N >=0.

l_p|N > = (N +](1 —p))'f\',,, VAN fN+1 A fN+2 VANPIRAN fN+p_1 VAN |N +p >+
+(N+14+A0=p)InA v it Afnga Ao A fnapa AN +p >+
(N 2450 =p)fv A fvia v po Ao Afnip i AIN+p >+ (7)

+(N+p=1+j1=p)fnANfnvaa Afvia Ao Afv i AN +p >

We see that only first p terms in (7) do not contain repetitive factors, therefore we have
a finite sum.

After applying [, to each summand in (7) we obtain exactly one non-zero monomial:

lpl_p’N > = (lpl_pr) VAN fN—i—l VAN fN+2 VANPIRIAN fN+p_1 AN ‘N +p >+
+ fN A (lpl—pr-i-l) A fN+2 VAP fN+p_1 VAN |N +p >+
+ v A fnsr Alpl—p) fuca A A fugpt AN +p > + (8)

+ fNA N A fse AN (lpl_pr+p_1) A |N +p>.

Taking into account that
I pfnys = (N+s5+35(1—p)fnpss

lpr—p-i-s = (N +s —p+j(1 +p))fN+8a

we obtain

Wl pfnvis=(N+s—=p+j(1+p)(N+s+5(1—p))fnis,

p—1
Ll | N >=Y (N +s=p+j(1+p)(N +s+i(1-p)N >,
s=0
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and

(N+s—=p+j(1+p)(N+s+j(l-p) =

p

[l
= O

(9)

ATV

= (N*+2Ns+s +2j(N+s)+5(1—p*) —pN —ps— j(p—p?))

S

i
o

Taking into account that

we obtain

(V45— p+j(L+p)(N + 54+ j(1—p) =

plp—1)(2p—1)

=N?p+ Np(p — 1) + +2jNp+ jplp — 1) + j°p(1 — p*)—

6
‘p—-1) . 10
—pZN—I%—J(pZ—p?)): (10
. . . —1p+1
(N2 N+ 2jN)p+ 2o — 1) + §0° — p) — 22 é(p ) -
3 _
=(N? = N +2jN)p —2(65* — j + 1)(p 5 p).
Let us denote
cj = —2(65% — 65+ 1),
c; is called central charge. Then
[lp,l,p]lN > (N — N+2jN)p+CJT |N > . (11)
In particular,
1 N? — N+ 2jN
—[l_1,L]|N >= —( + o > N >, (12)
2 2
therefore
(»* —p)
[lp,l_p”N >= —2ply |N > —{—C]T‘N > (13)
»’ —p)
L, Iyl (w A [N >) = =2p(low) A [N > =2pw A (o |N >) +¢; Th N[N >=
14)
- (
= —2ply (wA [N >) +Cj(p 5 ) (wA|N).

Finally we obtain:



Theorem 1. The action of reqularized generators l, on the Dirac space generated by
“stable” semi-infinite wedge products of basic tensors satisfy the Virasoro relations

®* —p)

[lp: lg) = (@ — P)lp+q + T‘gpﬂcﬁ pqEL (15)
lcj,l,) =0, forall peZ.

where c¢; is the operator of multiplication to following number, known as central charge.

¢j = —2(6j — 65 + 1), (16)

where j is the tensor weight of the basic forms.
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