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Lecture 7

Weil tensor is conformally invariant

Let (Mn, {gij(x⃗)}) be a conformal manifold. To define the Weil tensor it is necessary
to fix a Riemannian metric representing this conformal structure. Let us show that the
Weil tensor is well-defined in the conformal geometry, i.e. it does not depend on the
choice of the Riemannian metric representing this conformal structure.

Theorem 1. Let Mn be a smooth manifold equipped with two Riemannian metrics gij(x),
g̃ij(x) from the same conformal class:

g̃ij = e2ω(x)gij. (1)

Let W i
jkl, W̃ i

jkl denote the Weil tensors associated with the metrics gij(x), g̃ij(x) , respec-
tively. Then

W̃ i
jkl = W i

jkl. (2)

Proof. Let us simply calculate the transformation law for the Weil tensor

Wijkl = Rijkl −
[
gikPjl + gjlPik − gilPjk − gjkPil

]
(3)

W i
jkl = Ri

jkl −
[
δikPjl + gjlg

iαPαk − δilPjk − gjkg
iαPαl

]
, (4)

where Pij is the Schouten tensor:

Pij =
1

n− 2

[
Rij −

1

2(n− 1)
Rgij

]
.

Lemma 1. Let the Riemannian metrics gij(x), g̃ij(x) satisfy (1). Then

1.

R̃i
jkl = Ri

jkl + δil ∇k∂jω − δik ∇l∂jω + gkj ∇l∂
iω − glj ∇k∂

iω+ (5)
+ δik ∂lω ∂jω − δil ∂kω ∂jω + glj ∂

iω ∂kω − gkj ∂
iω ∂lω + [δil gkj − δik glj][∂

αω ∂αω].

2.
P̃ij = Pij −∇i∂jω + ∂iω∂jω − 1

2
gij∂

αω∂αω (6)

Remark 1. During the calculation we shall use the following standard notations:

∂k = gkα∂α, ∇k = gkα∇α,

the main property of the Levy-Civitta connection:

∇kgij = 0, ∇kg
ij = 0,
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and the following relations:

∇k∂jω = ∇j∂kω, ∇k∂jω = ∇j∂
kω.

Indeed
∇k∂jω = ∂k∂jω − Γα

kj∂αω = ∂j∂kω − Γα
jk∂αω = ∇j∂kω,

∇k∂jω = gkα∇α∂jω = gkα∇j∂αω = ∇jg
kα∂αω = ∇j∂

kω.

Proof of formula (5). At the previous Lecture we proved:

R̃i
jkl = Ri

jkl +∇kS
i
lj −∇lS

i
kj + Si

kαS
α
lj − Si

lαS
α
kj,

where
Sk
ij = δki ∂jω + δkj ∂iω − gij ∂

kω.

Therefore

∇kS
i
lj −∇lS

i
kj = ∇k[δ

i
l ∂jω + δij ∂lω − glj ∂

iω]−∇l[δ
i
k ∂jω + δij ∂kω − gkj ∂

iω =

= δil ∇k∂jω +�����δij ∇k∂lω − glj ∇k∂
iω − δik ∇l∂jω −�����δij ∇l∂kω + gkj ∇l∂

iω =

= δil ∇k∂jω − δik ∇l∂jω + gkj ∇l∂
iω − glj ∇k∂

iω,

and
Si
kαS

α
lj − Si

lαS
α
kj =

= [δik ∂αω + δiα ∂kω − gkα ∂
iω][δαl ∂jω + δαj ∂lω − glj ∂

αω]−

−[δil ∂αω + δiα ∂lω − glα ∂
iω][δαk ∂jω + δαj ∂kω − gkj ∂

αω] =

= δik ∂lω ∂jω +
XXXXXXδik ∂jω ∂lω − δik glj ∂αω ∂αω+

+
XXXXXXδil ∂kω ∂jω +������XXXXXXδij ∂kω ∂lω −������

glj ∂kω ∂iω−

−������
gkl ∂

iω ∂jω − gkj ∂
iω ∂lω +������

glj ∂
iω ∂kω−

−δil ∂kω ∂jω −XXXXXXδil ∂jω ∂kω + δil gkj ∂αω ∂αω+

−XXXXXXδik ∂lω ∂jω −������XXXXXXδij ∂lω ∂kω +������
gkj ∂lω ∂iω−

+������
glk ∂

iω ∂jω + glj ∂
iω ∂kω −������

gkj ∂
iω ∂lω =

= δik ∂lω ∂jω − δil ∂kω ∂jω + glj ∂
iω ∂kω − gkj ∂

iω ∂lω + [δil gkj − δik glj][∂
αω ∂αω].

Finally we obtain formula (5):

R̃i
jkl = Ri

jkl + δil ∇k∂jω − δik ∇l∂jω + gkj ∇l∂
iω − glj ∇k∂

iω+

+ δik ∂lω ∂jω − δil ∂kω ∂jω + glj ∂
iω ∂kω − gkj ∂

iω ∂lω + [δil gkj − δik glj][∂
αω ∂αω].

Proof of formula (6). At the previous Lecture we proved:

R̃jl = Rjl − gjl∇α∂αω − (n− 2)∇l∂jω + (n− 2)∂jω∂lω − (n− 2)gjl∂
αω∂αω,
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R̃ = e−2ω
[
R− 2(n− 1)∇α∂αω − (n− 1)(n− 2)∂αω∂αω

]
,

therefore

P̃ij = Pij +
1

n− 2

[
−gij∇α∂αω − (n− 2)∇i∂jω + (n− 2)∂iω∂jω − (n− 2)gij∂

αω∂αω −

− gij
2(n− 1)

[
− 2(n− 1)∇α∂αω − (n− 1)(n− 2)∂αω∂αω

]]
=

= Pij +
1

n− 2

[
−������
gij∇α∂αω − (n− 2)∇i∂jω + (n− 2)∂iω∂jω − (n− 2)gij∂

αω∂αω −

+������
gij∇α∂αω +

(n− 2)

2
gij∂

αω∂αω

]
=

= Pij +
1

n− 2

[
−(n− 2)∇i∂jω + (n− 2)∂iω∂jω − (n− 2)

2
gij∂

αω∂αω

]
=

= Pij −∇i∂jω + ∂iω∂jω − 1

2
gij∂

αω∂αω.

Now we are ready to calculate the transformation law for the Weyl tensor

W i
jkl = Ri

jkl −
[
δikPjl + gjlg

iαPαk − δilPjk − gjkg
iαPαl

]
.

We have

R̃i
jkl = Ri

jkl + δil ∇k∂jω − δik ∇l∂jω + gkj ∇l∂
iω − glj ∇k∂

iω+

+ δik ∂lω ∂jω − δil ∂kω ∂jω + glj ∂
iω ∂kω − gkj ∂

iω ∂lω + [δil gkj − δik glj][∂
αω ∂αω],

P̃ij −∇i∂jω + ∂iω∂jω − 1

2
gij∂

αω∂αω,

therefore

W̃ i
jkl = W i

jkl + δil ∇k∂jω − δik ∇l∂jω + gjk ∇l∂
iω − gjl ∇k∂

iω+

+ δik ∂jω∂lω − δil ∂jω∂kω + gjl ∂
iω∂kω − gjk ∂

iω∂lω +
[
δilgjk − δikgjl

][
∂αω∂αω

]
−

− δik
[
−∇j∂lω + ∂jω∂lω − 1

2
gjl∂

αω∂αω
]
+ δil

[
−∇j∂kω + ∂jω∂kω − 1

2
gjk∂

αω∂αω
]
−

− gjl
[
−∇k∂

iω + ∂kω∂
iω − 1

2
δik∂

βω∂βω
]
+ gjk

[
−∇l∂

iω + ∂lω∂
iω − 1

2
δil∂

βω∂βω
]
= 0.

Remark. At the next lecture we will show that for n = 3 the Weyl tensor identically
vanishes.
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