Lecture 1
Boson field on a cylinder and on a plane

Consider the cylinder with the coordinates £°, ¢! with the circumference L:

g~ + L

We assume the metrics ds? = (d¢°)? — (d¢1)?. Also we will consider the Wick rotation given by ¢2 =

Define a scalar real boson field ¢(§) on the cylinder
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il = [ ¢ (B2~ vie) = [ ae cip.anel
T
According to the usual rules the conjugate momentum field is
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= —0op(§)

&) = 5a00©) ~ Bm

with the canonical bracket

{p(€°,€"), (%, &M =0(" = &), {p(€°,€"), p(% €M)} = {e(°,€"), (%, &M} =0.

The Hamiltonian
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H= [d§ pdop— L= [ d§ (4mp +ﬁ(3190) +U(p) | -
On the cylinder it is convenient to use the Fourier expansion
ikg! 1 mikg!
p(€".6) =D au(€)ePEE (e €h) = 2D pr(€0)et L,
kEZ keZ

Since (&), p(§) € R, we have

The Poisson bracket looks like

{Pe, @t} = Onas {re,m} = {an, @} =0.

The Hamiltonian reads
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Define new variables .
i

i 2p_,
_ ik
k= 5 G-k~ 2pg.

Their Poisson brackets read
{a, 1} = {ag, a1} = 2ikopy1,0, {ar,a;} = 0.
In terms of the a-variables the fields read
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The Hamiltonian is

471' P2+
LZ a_pag + a_xay) /d§ U(p). (13)

k>0

The equation of motion f = dyf = {H, f} reduces to

) 8T . 2mk

do = —Ppo, ar = —i——ay — 2k},
) . 21k

po = Fp, = —i——ay, + 2Fy,

where F}, are components of the ‘force’:
—/dfl aU(‘ﬁ)e%\-ikgl/L.
dp

Now I want to discuss a free massless boson: U(p) = 0. In this case the equation of motion admit a
simple solution:

po(&%) =P, 0 (&) =Q+ *Pfo ar (o) = age 2k /L ar (&) = ae 2mkE/L (15)

In terms of the basic Lagrangian field the solution looks like

P = @+ TPE =0+ 3 (G + Ghomamic), (16)
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where B
(=g - =g +ie?, =g+ =g -ig?
are light-cone (or holomorphic in the Euclidean space) variables.
As we expected the solution splits into right- and left-moving waves:

¢(€) = vr(¢) +»L(C), (17)
where 0
w i O (2mikC/L
wr(C) =3 LP<+g;
(18)
Q 4 Qg o—2mikC/L
o1(Q) = 5 LPC+2£

There is an evident ambiguity in splitting ) since the constant contribution, which is neither right-
nor left-moving wave. Besides the constantly increasing term in both chiral fields depends on the same
constant p.

The action of the free field is invariant under the (pseudo)conformal transformation

(=fz), C¢=f@). (19)

The functions f and f are independent in the Minkowski space, while on the Euclidean plane they are
related as

Indeed, evidently

dp Op dpdp N F e 0P N R
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Consider the particular conformal transformation

L
—i% log z (20)
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(= i% log z,



or )
5= e—27‘ri§/L’ 37— eQ'fri(/L. (21)

Evidently, this transformation only makes sense in the Euclidean field theory. It maps the Euclidean
cylinder £* onto the Euclidean plane x#. In this plane the equations provides the radial expansion:

o(z) = Q — 2iPlog(2z) + Z (ak —k 4 %2_’“) : (22)
k#0

The Hamiltonian H is proportional to the dilation operator on the plane:

2
H=—D.
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Now let us quantize the system. To do it let us use the standard rule [f,g] = —ih{f, g}, if f,g are

linear in the basic oscillators. It means that

[p(€°,€1), (€%, €M) = —ihs(¢" =€), [p(€%,€"),p(€%, €] = [p(€°, €N, p(€”, €M) =0 (23)

in terms of fields, or
[Pk, @] = —ihdp, ok, m) = [qr, @] =0 (24)

in terms of modes, or

[P0, qo] = —ih, lak, @) = [ak, @) = 2khdi41,0, lag,a;) =0 (25)

in terms of a modes. By rescaling of the field we may set A = 1. We will assume it throughout the
lectures.
Now define the vacuum states |p) by the conditions

arlp) = axlp) =0 (k>0),  Plp) = plp). (26)
We used the operators P, Q, ag, &y instead of pg, qo, a, ax since the former are time-independent. The
vacuums define the normal ordering product :- - -: according to the following rules: 1) it puts the operators

ap (k> 0) to the right of any operator a_g; 2) it puts P to the right of Q.

We have to make a remark on the Hamiltonian. Let us define the Hamiltonian on the cylinder
according to with no normal ordering. It means that in we must write symmetrized products
%(a_kak + aga_y) instead of a_gag. Then we have

1 =k =
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We conclude that
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k>0

Here D is the dilation operator on the plane. Hence,

o) = (2 = 35 ) ) (28)

The Fock space is spanned on the vectors

Ay Qg Ay, Oy, D) (29)

The pair (K, K) = (3 ki, Y. 1;) is called the level of the state. The energy and momentum of such state
are

B = 7 (W + K+ K= 55) . Pulo) = (0 - ). (30)



The true vacuum of the system corresponds to p = 0. Any vacuum |p) can be obtained from |0) by
means of the gg operator: ‘ ) ‘
Pel?P(0) = '@P(P + p)[0) = pe'??(0).

Hence, we may assume _
[p) = 9”|0). (31)

In what follows we will construct operators in terms of the field ¢ and, hence, we will need the pair
correlation function (p(z')p(x)) (it is easier to calculate them on the plane). We have

(e(@')p(x)) = (0lp(z")p(x)|0)

= (0/Q?|0) — 2i(0|(QPlog(22) + PQlog(z'2")[0) + > 1712 <0
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= (@) — 2log(x'2") +2 Z% ((j)k + (;)k) = (Q%) — 2log(#'Z') — 2log (1 - 3) (1 —

k>0
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The term (Q?) is strictly speaking infinite. Let us regularize it by substituting an arbitrary finite number,
which we will write in the form

|

= (Q%) + 2log

(Q%) = 2log R%.
Finally, we have 2
(z/ —2)(z —2)°
If we consider the theory on a finite scrap of a plane, the number R will be a linear scale of the scrap.

On the infinite plane the correlation function is translationally invariant, as expected. Due to the Wick
theorem the pair correlation functions determines all other correlation functions

(p(2')p(2)) = 2log (32)

Problems

1. Generally the scalar boson with nonconstant potential U(p) is not conformally invariant. Never-
theless, in the case (Liouville theory)

Ulp) = pe"®

the conformal invariance can be restored by a modification of the transformation of the field p(¢). Find
the modified transformation rule and, hence, prove the conformal invariance of the Liouville theory.
2. Suppose that the field ¢(§) is periodic itself, which means the equivalence

P(&) ~ (&) + 27 R.

It can be taken into account by means of the ‘winding’ periodicity condition
(€%, + L) = (&, &") +2rRw,  wELZ

The integer w is called the winding number.

Rewrite the equations and with winding taken into account. Demonstrate that the period-
icity of ¢ leads to quantization of the momentum zero mode py and find its allowed eigenvalues.

3. T duality. Show that the Hamiltonian of the free massless boson is invariant under the transfor-
mation R — 4/R together with w <+ n, where n is the momentum quantum number.



